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Appendix A: Supplementary Material

A.1 Euler Angles and Frame Transformations

The orientation of a rigid object in three-dimensional space may be specified using three angles. There are
different systems for defining the three orientational angles, which have advantages in different circum-
stances. The Euler angles are particularly useful in many NMR contexts.

A.1.1 Definition of the Euler angles

In this book I use the zyz-convention for the Euler angles. In this system, a general rotation in three-
dimensional space is expressed as the product of three rotations: a rotation by an angle γ about the z-axis,
a rotation by an angle β about the y-axis, and a rotation by an angle α about the z-axis again:

R̂(α, β, γ) = R̂z(α)R̂y(β)R̂z(γ) (A.1)

Note the right-to-left chronological order of the rotations on the right-hand side.
In this appendix, the symbol Ω denotes a set of three Euler angles: Ω = {α, β, γ}. A modified font distin-

guishes Ω from the frequency symbol �.

A.1.2 Euler rotations: first scheme

To see how the Euler angles are used, consider the L-shaped object shown below, which has an arbitrary
orientation with respect to a Cartesian reference frame:

Figure A.1
An L-shaped object.
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The orientation of the object may be specified by providing the rotation R̂(α, β, γ) which turns the object
so that its edges become parallel with the defined axis system. In the case above, the angles are α = π/5,
β = π/8, and γ = π/3. Figure A.2 shows how the object may be turned in three stages so that it becomes
aligned with the reference frame:

Figure A.2
Rotations around the
reference frame axes.

Note the order of the rotations: since the rotation operator in Equation A.1 is applied from the left, the
γ-rotation comes first.

A.1.3 Euler rotations: second scheme

The Euler rotations may also be formulated in a different way. Attach an axis system to the object, parallel
to its edges:

Figure A.3
An L-shaped object
with a local axis system.

The attached axis system is shown in bold, and annotated by the upper-case letters {X, Y,Z}. Now execute
the Euler rotations again, but this time (i) rotate about the axes that are attached to the object itself (instead of
the reference-frame axes) and (ii) use the opposite order, i.e. first α, then β, then γ . The sequence of rotations
is as follows:
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Figure A.4
Rotations around the
local axes.

The final orientations in Figures A.2 and A.4 are identical, even though the intermediate positions are
different! This equivalence may be expressed by the following equation:

R̂z(α)R̂y(β)R̂z(γ) = R̂Z′′ (γ)R̂Y ′ (β)R̂Z(α) (A.2)

Here, R̂Z(α) is a rotation around theZ-axis of the attached system, and R̂Y ′ (β) is a rotation around the Y -axis
of the attached system, etc. The ‘primed’ notation R̂Y ′ (β) indicates that the central rotation occurs about a
‘new’ Y -axis that has already been transformed by the first R̂Z(α) rotation. Similarly, the final R̂Z′′ (γ) rotation
occurs about a ‘new’ Z-axis that has already been transformed by the first R̂Z(α) rotation, and then by the
second R̂Y ′ (β) rotation. As shown in Figure A.4, the rotation axes follow the object as it is rotated. The Euler
angle β represents the angle between the initial and final z-axes.

Equation A.2 is a general result, independent of the values of the angles {α, β, γ}.
The two different methods of performing the Euler rotations are equally valid, but the second way is

often easier to visualize.

A.1.4 Euler rotation matrices

The Cartesian rotation matrix, written in terms of Euler angles, is as follows:

R(α, β, γ) =


cosα cosβ cos γ − sin α sin γ − sin α cos γ − cosα cosβ sin γ cosα sin β

sin α cosβ cos γ + cosα sin γ cosα cos γ − sin α cosβ sin γ sin α sin β

− sin β cos γ sin β sin γ cosβ

 (A.3)

The inverse of R(α, β, γ) is R(−γ,−β,−α).

A.1.5 Reference-frame orientations

The Euler angles are particularly useful for defining the relative orientations of two different orthogonal
axis systems. For example, consider two different orthogonal reference frames, A and B, defined by the
sets of unit vectors {eA

x , eA
y , eA

z } and {eB
x , eB

y , eB
z }. The set of Euler angles ΩBA = {αBA, βBA, γBA} may be used

to specify the relative orientation of these two axis systems. The angles are defined in such a way that the
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matrixR(ΩBA) = R(αBA, βBA, γBA) transforms each of the A-system vectors into the corresponding B-system
vector:

R(ΩBA) · eA
x = eB

x

R(ΩBA) · eA
y = eB

y

R(ΩBA) · eA
z = eB

z

where R is given in Equation A.3. For example, suppose that the ‘B’ axis system is the one in Figure A.1,
and the ‘A’ axis system is the bold one in Figure A.3. In this case, the relative orientation of the two axis
systems is described by the Euler angles ΩBA = {αBA, βBA, γBA} = {π/5, π/8, π/3}. Figure A.2 and Figure A.4
show how the Euler rotations bring the two systems into coincidence.

The frame transformation may be performed the other way using:

R(ΩAB) · eB
x = eA

x

R(ΩAB) · eB
y = eA

y

R(ΩAB) · eB
z = eA

z

which implies R(ΩAB) = R(ΩBA)−1 and hence αAB = −γBA, βAB = −βBA and γAB = −αBA.

A.1.6 Consecutive reference-frame transformations

The Euler angles are particularly powerful for handling consecutive reference-frame rotations. For example,
consider a third reference frame C, defined by the set of unit vectors {eC

x , eC
y , eC

z }. If the relative orientation
of C and B is specified by the Euler angles ΩCB = {αCB, βCB, γCB}, and the relative orientation of B and A is
specified by the Euler angles ΩBA = {αBA, βBA, γBA}, then the relative orientation of C and A is specified by
the Euler angles ΩCA = {αCA, βCA, γCA}, where

R(ΩCA) = R(ΩCB)R(ΩBA)

Note the ‘chain rule’ for the frame superscripts, which may be continued as desired:

R(ΩDA) = R(ΩDC)R(ΩCB)R(ΩBA)

A.1.7 Passive rotations

The discussion above concentrated on the active manipulation of objects (including reference frames) by a
series of Euler rotations. In the theory of NMR, it is often relevant to consider the representations of objects
(such as vectors, tensors, etc.) as seen from different reference frames, which are themselves related by Euler
rotations. This passive perspective is indicated by a subtle change of notation. The frame indices are reversed,
and superscripts are changed into subscripts, i.e. ΩAB = ΩBA, implyingαAB = αBA,βAB = βBA and γAB = γBA.

For example, the matrix representations of the same tensor T in two different reference systems are related
by

[T]B = R(ΩBA) [T]AR(ΩAB)

where

R(ΩBA) = R(ΩAB)†
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The arrangement of the ‘passive subscripts’ allows use of the chain rule for consecutive transformations;
for example:

[T]C = R(ΩCB)R(ΩBA) [T]AR(ΩAB)R(ΩBC) (A.4)

The chains of frame labels may readily be followed inwards, allowing the transformations to be written
down by inspection. The convenience of this chain property is lost if active notation is used in this context.

Note that an ‘active’ angle such as αBA has exactly the same meaning as the ‘passive’ angle αAB – the
different notations are used purely for orthographic convenience, depending on whether the calculation
involves the rotation of an object with respect to a fixed reference frame, or the appearance of a fixed object
as seen from a rotated reference frame.

A.1.8 Tensor transformations

As one example of this technique, consider a chemical shift tensor δj with principal components
{δjXX, δjYY , δjZZ}. When written in its principal axis frame, this tensor has a diagonal representation:

[
δj
]P =


δ
j
XX 0 0

0 δ
j
YY 0

0 0 δ
j
ZZ


Suppose, now, that a laboratory reference frame L is defined with the z-axis along the static magnetic

field direction. The relative orientation of the principal axis frame of the chemical shift tensor at site Ij
with respect to the laboratory frame L is specified using the Euler angle set ΩLP

j = {αLP
j , β

LP
j , γ

LP
j } in active

notation, or equivalently Ω
j
PL = {αj

PL, β
j
PL, γ

j
PL} in passive notation. The matrix representation of the tensor

in the laboratory frame may be derived as follows:[
δj
]L = R(Ωj

LP) · [δj]P · R(Ωj
PL) (A.5)

Note, again, the chaining of the frame labels in the passive convention.
Consider, now, the common situation in which the chemical shift tensor has a fixed orientation with

respect to a molecule reference frame M, while the orientation of the molecule changes, relative to the
external magnetic field. If the orientation of the chemical shift tensor principal axis system at site Ij with
respect to the molecular reference frame is specified using the Euler angles Ω

j
PM, and the orientation of the

molecule with respect to the laboratory frame L is specified using the Euler angles ΩML, then the matrix
R(Ωj

PL) in Equation A.5 is given by

R(Ωj
PL) = R(Ωj

PM)R(ΩML) (A.6)

The matrix Rj(�) used in Section 9.1 should be identified with R(Ωj
PL) in Equation A.6. The generic symbol

� for the molecular orientation with respect to the static magnetic field, which is used throughout the book,
should be identified with the Euler angle set ΩML.

For example, the term R
j
zX(�) in Equation 9.12 should be interpreted as follows:

R
j
zX(�) = Rzx(Ω

j
PL)

= Rzx(Ω
j
PM)Rxx(ΩML) + Rzy(Ω

j
PM)Ryx(ΩML) + Rzz(Ω

j
PM)Rzx(ΩML)

where the rotation matrix elements are specified in terms of the Euler angles in Equation A.3.
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A.1.9 Intermediate reference frames

The chain rule (Equation A.4) makes it straightforward to incorporate any number of intermediate reference
frames between the principal axis system of a tensor and the laboratory frame. Multiple reference frames
are often used in solid-state NMR. For example, in a rotating sample, it is often useful to define a reference
frame R that is fixed to the sample holder and which rotates with respect to the laboratory frame. In this
case, the transformation in Equation A.6 reads as follows:

R(Ωj
PL(t)) = R(Ωj

PM)R(ΩMR)R(ΩRL(t))

where Ω
j
PM defines the orientation of the CSA principal axis system with respect to the molecular reference

frame, ΩMR defines the orientation of the molecular reference frame with respect to the sample holder, and
ΩRL(t) defines the orientation of the sample holder with respect to the magnetic field. In a rotating sample,
the Euler angle αRL is time dependent.

Any number of intermediate reference frames may be introduced this way, always chaining the frame
labels to keep track of the successive rotations.

Further discussion is beyond the scope of this book, but the literature contains many examples of this
technique. See, for example, A. Brinkmann and M. H. Levitt, J. Chem. Phys. 115, 357–384 (2001).

A.2 Rotations and Cyclic Commutation

In this appendix, I prove that the cyclic commutation:[
Â, B̂

] = iĈ � (A.7)

implies the property

exp{−iθÂ}B̂ exp{+iθÂ} = B̂ cos θ + Ĉ sin θ (A.8)

which may be interpreted as a rotation of operator B̂ towards the operator Ĉ, around the Â axis, as discussed
in Section 6.6.2.

For clarity, the following proof is conducted in terms of the specific case Â = Îz, B̂ = Îx, Ĉ = Îy, which
corresponds to the identity

R̂z(θ)ÎxR̂z(−θ) = Îx cos θ + Îy sin θ (A.9)

However, since only cyclic commutation is used, the result applies to any three operators satisfying Equation
A.7.

A number of proofs of Equation A.9 exist.1 My personal favourite runs as follows. Consider the operator
Î−, defined as usual:

Î− = Îx − iÎy

From the cyclic commutation relationships, the commutator of Îz and Î− is given by[
Îz, Î

−] = [
Îz, Îx

] − i
[
Îz, Îy

] = iÎy − i(−iÎx) = −Î−

Hence, we have

ÎzÎ
− − Î−Îz = −Î−

or equivalently

ÎzÎ
− = Î−Îz − Î− = Î−(Îz − 1̂) (A.10)
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Now multiply both sides of this equation on the left by Îz. We get

Î2
z Î

− = ÎzÎ
−(Îz − 1̂)

If the identity shown in Equation A.10 is substituted in on the right-hand side, we get

Î2
z Î

− = Î−(Îz − 1̂)(Îz − 1̂) = Î−(Îz − 1̂)2

This may be repeated any number of times to generate the relationship

Înz Î
− = Î−(Îz − 1̂)n

where n is a positive integer. The following result may, therefore, be established:

exp{−iθÎz}Î− =
∞∑
n=0

(−iθ)n

n!
Înz Î

−

= Î−
∞∑
n=0

(−iθ)n

n!
(Îz − 1̂)n

= Î− exp{−iθ(Îz − 1̂)}
Since the unity operator commutes with all other operators, this may be written as

exp{−iθÎz}Î− = Î− exp{−iθÎz} exp{iθ1̂}
Now, since 1̂n = 1̂ for all n, we have

exp{iθ1̂} = eiθ 1̂

Therefore:

exp{−iθÎz}Î− = eiθ Î− exp{−iθÎz}
This equation may be multiplied from the right by exp{+iθÎz} to get

exp{−iθÎz}Î− exp{+iθÎz} = eiθ Î−

Similar arguments may be used to derive an analogous relationship for Î+:

exp{−iθÎz}Î+ exp{+iθÎz} = e−iθ Î+

These two equations may be added together to generate the desired result:

exp{−iθÎz}Îx exp{+iθÎz} = 1
2

eiθ Î− + 1
2

e−iθ Î+ = Îx cos θ + Îy sin θ

A.3 Rotation Sandwiches

In this appendix, I prove the rotation sandwich property:

R̂x(θ)R̂y(β)R̂x(−θ) = exp{−iβ
(
Îy cos θ + Îz sin θ

)} � (A.11)

For clarity, the equations are written using spin angular momentum operators, but the properties are
general for any set of three cyclically commuting operators.



•606 Appendix A: Supplementary Material

The sandwich relationship for angular momentum operators (Equation A.8) may be used to write the
right-hand side of Equation A.11 as

exp{−iβ
(
Îy cos θ + Îz sin θ

)} = exp{−iβR̂x(θ)ÎyR̂x(−θ)}
The exponential may be expanded as an infinite series:

exp{−iβR̂x(θ)ÎyR̂x(−θ)} = 1̂ + (−iβR̂x(θ)ÎyR̂x(−θ))

+ (−iβ)2

2!
[R̂x(θ)ÎyR̂x(−θ)]2 + (−iβ)3

3!
[R̂x(θ)ÎyR̂x(−θ)]3 + . . .

Consider the third term. We find

[R̂x(θ)ÎyR̂x(−θ)]2 = R̂x(θ)ÎyR̂x(−θ)R̂x(θ)ÎyR̂x(−θ) = R̂x(θ)ÎyÎyR̂x(−θ)
since the opposite rotation operators in the middle of the expression annihilate. The same happens for all
the other terms. Even the unity operator at the beginning of the series may be written as

1̂ = R̂x(θ)1̂R̂x(−θ)
The whole expression is therefore

exp{−iβR̂x(θ)ÎyR̂x(−θ)} = R̂x(θ)
{

1̂ + (−iβÎy) + (−iβ)2

2!
ÎyÎy + . . .

}
R̂x(−θ)

= R̂x(θ) exp{−iβÎy}R̂x(−θ)
= R̂x(θ)R̂y(β)R̂x(−θ)

which corresponds to the left-hand side of Equation A.11.
Numerous other rotation sandwich relationships may be generated by cyclically permuting the operators.

A.4 Spin-1/2 Rotation Operators

The operator for a rotation about the x-axis through the angle β is given by

R̂x(β) = exp{−iβÎx}
The matrix representation of this operator is not easy to calculate, since Îx is not diagonal. One way is to
use the techniques in Section 6.5.8. An alternative method is given here.

The operator exp{−iβÎx} may be understood as the infinite series

exp{−iβÎx} = 1̂ + (−iβÎx) + (−iβ)2

2!
ÎxÎx + (−iβ)3

3!
ÎxÎxÎx + . . . (A.12)

The sum in Equation A.12 may be sorted into two ‘sub-sums’, one involving even powers and one involving
odd powers of 2Îx (we will see why we need the factor of two in a moment):

exp{−iβÎx} = 1̂ − 1
2!

(
1
2
β

)2

(2Îx)2 + 1
4!

(
1
2
β

)4

(2Îx)4 + . . .

−i

{(
1
2
β

)
(2Îx) − 1

3!

(
1
2
β

)3

(2Îx)3 + 1
5!

(
1
2
β

)5

(2Îx)5 + . . .

}
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Now note the following property of the spin-1/2 matrix representation of 2Îx:

(2Îx)2 =
{

2
1
2

(
0 1

1 0

)}2

=
(

0 1

1 0

)(
0 1

1 0

)
=

(
1 0

0 1

)
= 1̂

This means that any even power of 2Îx has the same spin-1/2 matrix representation as unity, and any odd
power of 2Îx has the same spin-1/2 matrix representation as 2Îx itself. The series, therefore, may be written
as

exp{−iβÎx} = 1̂

{
1 − 1

2!

(
1
2
β

)2

+ 1
4!

(
1
2
β

)4

+ . . .

}

−i2Îx

{(
1
2
β

)
− 1

3!

(
1
2
β

)3

+ 1
5!

(
1
2
β

)5

+ . . .

}

The individual series expansions may be identified as equal to the sine and cosine of half the angle; so, we
can write

R̂x(β) = exp{−iβÎx} = 1̂ cos
1
2
β − i2Îx sin

1
2
β (for I = 1/2) (A.13)

This relationship applies only to the spin-1/2 matrix representations of R̂x(β) and Îx, and not to the
operators themselves.

The spin-1/2 matrix representation of the operator R̂x(β) is therefore

R̂x(β) =
(

cos 1
2β −i sin 1

2β

−i sin 1
2β cos 1

2β

)
(A.14)

Similar arguments may be used to obtain the spin-1/2 matrix representation of the operator R̂y(β):

R̂y(β) =
(

cos 1
2β − sin 1

2β

sin 1
2β cos 1

2β

)
(A.15)

The matrix representation of the operator R̂z(β) is obtained more easily, since Îz is diagonal in the Zeeman
basis:

R̂z(β) =
(

exp{−i 1
2β} 0

0 exp{+i 1
2β}

)
(A.16)
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A.5 Quadrature Detection and Spin Coherences

The NMR signal is generated by electromagnetic induction of a current in the coil, produced by the pre-
cessing nuclear spin magnetization.

In this appendix, I use a notational distinction between the laboratory frame and the rotating-frame
coherences. Rotating-frame coherences are denoted by a tilde.

Suppose that the coil is aligned along the x-axis of the laboratory frame. The nuclear spin magnetization
along this axis is given by

Mx ∼ 〈Îx〉 = Tr{ρ̂Îx} ∼ ρ − + ρ + (A.17)

where ρ − and ρ + are laboratory-frame (±1)-quantum coherences. Both the (+1)- and (−1)-quantum
coherences in the laboratory frame contribute to the transverse nuclear spin magnetization.

The voltage generated in the coil is proportional to the time derivative of the nuclear spin magnetization
in the coil direction. Assuming that the FID is simply proportional to this voltage, and ignoring constant
instrumental phase shifts, we obtain the following:

sFID(t) ∼ d
dt
ρ − (t) + d

dt
ρ + (t)

The coherences are time dependent through the Schrödinger equation. Their equation of motion in the
laboratory frame is

ρ − (t) = ρ − (0) exp{(iω0 − λ)t}
ρ + (t) = ρ + (0) exp{(−iω0 − λ)t}

and hence the FID is given by

sFID(t) ∼ iω0ρ − (t) − iω0ρ + (t)

since ω0 is much larger than λ. The constant factor ω0 is now omitted, after noting that the amplitude of
the signal is proportional to the Larmor frequency (this is one of the reasons that high fields and large
gyromagnetic ratios are favourable for NMR experiments; see Section 16.3.1).

We now assume that this signal is amplified and passed into the quadrature receiver without any sub-
stantial change.

A block diagram of a traditional quadrature receiver is shown below:
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Figure A.5
Schematic of a
quadrature receiver.

Modern equipment often uses a more sophisticated handling of the signal, but the basic principles are
the same.

The NMR signal enters from the top left, whereas the receiver reference signal, given by

srec(t) ∼ cos(ωreft + φrf
rec)

enters from the bottom left. The round symbol indicates the possibility of giving this reference signal an r.f.
phase shift φrf

rec.
The receiver reference signal is split into two paths. In the top path, the reference signal is unchanged:

sA
rec(t) ∼ cos(ωreft + φrf

rec)

In the lower path, the reference signal is given an additional phase shift of π/2:

sB
rec(t) ∼ cos(ωreft + φrf

rec + π/2)

The NMR signal is also split into two paths. Consider the upper path first.
The NMR signal sFID and the reference signal sArec both enter an electronic device called a mixer. This

simply multiplies the two signals together. The signal exiting the upper mixer is therefore

sFID(t)sA
rec(t) ∼ i

(
ρ − (t) − ρ + (t)

)
cos(ωreft + φrf

rec)

which evaluates to

sFID(t)sA
rec(t) ∼ 1

2
iρ − (0) exp{i[(ω0 + ωref)t + φrf

rec]} e−λt

+1
2

iρ − (0) exp{i[(ω0 − ωref)t − φrf
rec]} e−λt

−1
2

iρ + (0) exp{i[−(ω0 − ωref)t + φrf
rec]} e−λt

−1
2

iρ + (0) exp{i[−(ω0 + ωref)t − φrf
rec]} e−λt

This signal now passes into a low-pass r.f. filter, which removes the high-frequency components. In the
present case, the filter removes the components oscillating at ω0 + ωref , and it retains those components
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oscillating at the low frequency �0 = ω0 − ωref . The signal sA emerging from the filter is therefore

sA(t) ∼ 1
2

iρ − (0) exp{i(�0t − φrf
rec)} e−λt

−1
2

iρ + (0) exp{i(−�0t + φrf
rec)} e−λt

From the relationship between laboratory frame and rotating-frame coherences (Equation 11.21), this
equation may be written as

sA(t) ∼ 1
2

iρ̃ − (0) exp{i(�0t − φrf
rec + φref)} e−λt

−1
2

iρ̃ + (0) exp{i(−�0t + φrf
rec − φref)} e−λt (A.18)

The term φref represents the angle of the rotating frame with respect to the laboratory frame at the time
origin t = 0 (see Section 10.6).

The equation for the precession of the rotating-frame coherences (Equation 11.39) allows the above equa-
tion to be simplified:

sA(t) ∼ 1
2

iρ̃ − (t) exp{−i(φrf
rec − φref)} − 1

2
iρ̃ + (t) exp{i(φrf

rec − φref)}

The same arguments may be repeated to obtain the filtered signal emerging from the second signal path
in the receiver:

sB(t) ∼ 1
2
ρ̃ − (t) exp{−i(φrf

rec − φref)} + 1
2
ρ̃ + (t) exp{i(φrf

rec − φref)}

These signals are treated as two components of one complex signal:

s(t) = sA(t) + isB(t)

This evaluates to

s(t) ∼ iρ̃ − (t) exp{−i(φrf
rec − φref)}

which only contains contributions from the rotating-frame (−1)-quantum coherence. The (+1)-quantum
coherence contribution has disappeared.

In addition, a phase shift φdig is sometimes imposed after digitization of the signal. If this is included, we
get

s(t) ∼ iρ̃ − (t) exp{−i(φrf
rec + φdig − φref)}

It is possible to ignore the constant phase φref , since there are many other instrumental sources of a constant
phase shift, and the spectral phase is adjusted anyway after FT using the phase correction parameter φ(0)

corr

(see Section 5.8.5). If the frame phase shift φref is removed, and numerical factors adjusted for convenience,
then we get

s(t) ∼ 2iρ̃ − (t) exp{−i(φrf
rec + φdig)}

The r.f. receiver reference phase and post-digitization phase shift may be combined to give an overall receiver
phase:

φrec = φrf
rec + φdig

This gives the following expression for the quadrature signal:

s(t) ∼ 2iρ̃ − (t) exp{−iφrec}
which is used in the main text.
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A.6 Secular Approximation

The secular approximation concerns the case where the Hamiltonian is the sum of two terms:

Ĥ = Â+ B̂

where Â is a ‘large’ operator and B̂ is a ‘small’ operator. In the following discussion, both Â and B̂ are
considered to be hermitian.

Since Â is hermitian, it is possible to form an orthogonal basis set from the eigenvectors |n〉 of Â:

Â|n〉 = an|n〉

where an are the eigenvalues. Suppose that the eigenvalues of Â form the following pattern:

Figure A.6
Eigenvalues of the
operator Â.

The second and third eigenvalues are degenerate, the fifth, sixth and seventh eigenvalues form one near-
degenerate group, and the eighth, ninth, tenth and eleventh eigenvalues form a second near-degenerate
group.

If B̂ does not commute with Â, then the matrix representation of B̂ in the eigenbasis of Â has finite
elements everywhere, in general:



• • • • • • • • • • • · · ·
• • • • • • • • • • • · · ·
• • • • • • • • • • • · · ·
• • • • • • • • • • • · · ·
• • • • • • • • • • • · · ·
• • • • • • • • • • • · · ·
• • • • • • • • • • • · · ·
• • • • • • • • • • • · · ·
• • • • • • • • • • • · · ·
• • • • • • • • • • • · · ·
• • • • • • • • • • • · · ·
...

...
...

...
...

...
...

...
...

...
...

. . .


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The secular approximation for B̂ takes only the block diagonal form of this matrix:

B̂0 =



• 0 0 0 0 0 0 0 0 0 0 · · ·
0 • • 0 0 0 0 0 0 0 0 · · ·
0 • • 0 0 0 0 0 0 0 0 · · ·
0 0 0 • 0 0 0 0 0 0 0 · · ·
0 0 0 0 • • • 0 0 0 0 · · ·
0 0 0 0 • • • 0 0 0 0 · · ·
0 0 0 0 • • • 0 0 0 0 · · ·
0 0 0 0 0 0 0 • • • • · · ·
0 0 0 0 0 0 0 • • • • · · ·
0 0 0 0 0 0 0 • • • • · · ·
0 0 0 0 0 0 0 • • • • · · ·
...

...
...

...
...

...
...

...
...

...
...

. . .



(A.19)

where the blocks are formed by the pattern of degenerate or near-degenerate eigenvalues of Â.
Another way of writing the secular approximation for B̂ is

B̂0 =
∑
n

bnn|n〉〈n| +
∑′

m�=n
bmn|m〉〈n| (A.20)

where |n〉 are the eigenfunctions of Â and bmn = 〈m|B̂|n〉 is a matrix element of B̂ in the eigenbase of Â. The
‘primed’ summation only includes terms that ‘connect’ degenerate or near-degenerate eigenstates of Â.

How ‘near’ does ‘near-degenerate’ have to be? Strictly, the summation in Equation A.20 omits terms for
which the following inequality holds:

|bmn| << |am − an| (A.21)

A matrix element of B̂may be dropped if its magnitude is small compared with the corresponding difference
in the eigenvalues of Â.

The secular Hamiltonian B̂0 has the block-diagonal matrix representation given in Equation A.19. In
general, B̂0 does not commute with Â, since the matrix representation in Equation A.19 may have off-
diagonal elements connecting eigenstates of Â that are not exactly degenerate (contrast the discussion in
Section 6.3.6).

The consequences of the secular approximation are best illustrated by specific examples.

Example 1. Chemical shift interaction of spin-1/2

Consider a single spin-1/2, with the following Hamiltonian terms:

Â = ω0Îz

B̂ = ωxÎx + ωzÎz

The term Â represents the interaction of the spin with a field along the z-axis, and B̂ represents the interaction
of the spin with a small additional field, with a longitudinal component proportional to ωz and a transverse
component proportional to ωx. The terms ωx and ωz are assumed to be much smaller than ω0. This situation
resembles the full form of the chemical shift interaction, given in Equation 9.11.
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The eigenbasis of Â is defined by the two kets |1〉 = | + 1/2〉 and |2〉 = | − 1/2〉:
Â|1〉 = a1|1〉 Â|2〉 = a2|2〉

with eigenvalues

a1 = +1
2
ω0 a2 = −1

2
ω0

The matrix representation of B̂ in this basis is

B̂ = 1
2

(
ωz ωx

ωx −ωz

)

The secular approximation for B̂, therefore, has a matrix representation given by

B̂0 = 1
2

(
ωz 0

0 −ωz

)

since the ‘off-diagonal’ elements ωx connect eigenstates of Â with non-degenerate eigenvalues ± 1
2ω

0. The
secular approximation for B̂ is therefore

B̂0 = ωzÎz

which represents the interaction of the spin with only the longitudinal part of the additional field, as in
Equation 9.13.

Example 2. Two spins-1/2

In a second example, consider the case of two spins-1/2 I1 and I2, with Larmor frequencies ω0
1 and ω0

2, a
J-coupling J12, and a secular dipole–dipole coupling d12, as discussed in Chapter 14. The spin Hamiltonian

may be written as Ĥ = Ĥ
0
A + Ĥ

0
B, where the matrix representations of the two parts of the Hamiltonian are

given by Equations 14.7 and 14.8, in the Zeeman product basis.

The Hamiltonian Ĥ
0
B is off-diagonal in the Zeeman product basis. The secular approximation allows Ĥ

0
B

to be omitted, providing that the off-diagonal elements of Ĥ
0
B are much smaller than the differences in the

connected diagonal elements of Ĥ
0
A.

Since the difference between the diagonal eigenvalues in rows 2 and 3 is equal to ω0
1 − ω0

2, and the off-
diagonal elements are both equal to 1

2ω
B
12 = πJ12 − 1

2d12, the off-diagonal part of B̂ may be ignored if the
condition

|ω0
1 − ω0

2| >> |πJ12 − 1
2
d12| (A.22)

is satisfied. In an isotropic phase, this reduces to the condition in Equation 14.19.
Equation A.22 is always valid for the coupling between nuclei of different isotopic types, since the

difference in Larmor frequency is very large in that case.
The secular approximation shown in Equation A.20 is a result of time-independent perturbation theory.

It must, therefore, be applied with caution to time-dependent situations, which are common in NMR. In
general, the off-diagonal element bmn may be ignored only if Equation A.21 is satisfied and if bmn has a time
dependence that is slow compared with the difference in eigenvalues |am − an|. For example, the homonu-
clear weak-coupling approximation breaks down if sufficiently rapid r.f. pulse sequences are applied (see
Section 18.14 and Appendix A.10).
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A.7 Quadrupolar Interaction

A.7.1 Full quadrupolar interaction

The spin Hamiltonian for the full electric quadrupolar interaction of spin I is given by (see Further Reading)

Ĥ
full
Q = eQ

2I(2I − 1)�
Î.V.Î (A.23)

where the tensor V represents the electric field gradient at the site of the nucleus:

V =


Vxx Vxy Vxz

Vyx Vyy Vyz

Vzx Vzy Vzz

 (A.24)

andQ is the nuclear electric quadrupole moment. The elements of V are given by the second derivatives of
the electric potential V :

Vxy = ∂2V

∂x∂y

∣∣∣∣
at nucleus

and similarly for the terms Vzz, Vzx, and so on. By definition, V is symmetric, i.e. Vxy = Vyx, etc. In addition,
electromagnetic theory constrains V to be traceless, i.e. Vxx + Vyy + Vzz = 0.

The principal values of the electric field gradient tensor are

VXX = −1
2
eq(1 − ηQ)

VYY = −1
2
eq(1 + ηQ)

VXX = eq

where η is the biaxiality. The representation of the electric field gradient tensor in the laboratory frame is
given by

V = R(ΩQ
LP) ·


VXX 0 0

0 VYY 0

0 0 VZZ

 · R(ΩQ
PL) (A.25)

Here, R(ΩQ
PL) defines the relative orientation of the electric field gradient principal axis system and the

laboratory frame:
R(ΩQ

PL) = R(ΩQ
PM)R(ΩML)

The Euler angle set ΩQ
PM defines the orientation of the electric field gradient tensor in the molecular frame

(compare with Equation A.6).

A.7.2 First-order quadrupolar interaction

The secular part of the quadrupolar Hamiltonian in Equation A.23 is given in the general case by

Ĥ
(1)
Q = ω

(1)
Q × 1

6

(
3Î2
z − I(I + 1)1̂

)
(A.26)



Strong Coupling •615

where the first-order quadrupolar coupling is given by

ω
(1)
Q = 3eQ

2I(2I − 1)�
Vzz (A.27)

Here, Vzz is a component of the electric field gradient tensor in the laboratory frame (Equation A.25).
In the case of a uniaxial electric field gradient tensor (ηQ = 0), this component is given by

Vzz = VZZ
1
2

(3 cos2 θQ − 1)

where θQ is the angle between the unique principal axis of the electric field gradient tensor and the magnetic
field (θQ corresponds to the Euler angle βQ

PL). In the uniaxial case, Equation A.27 reduces to

ω
(1)
Q = 3e2Qq

2I(2I − 1)�
× 1

2
(3 cos2 θQ − 1)

= 3πCQ

I(2I − 1)
× 1

2
(3 cos2 θQ − 1) (A.28)

as in Equation 9.30.

A.7.3 Higher-order quadrupolar interactions

The second-order quadrupolar interaction is best described using the technique of irreducible spherical tensor
operators and is given explicitly elsewhere (e.g. see A. Jerschow, Prog. NMR Spectrosc. 46, 63–78 (2005)).

For nuclei with spin I ≥ 2, there are additional electric and magnetic interactions. For example, the E(4)
elec

term represents the interaction of the C(4) part of the electric charge distribution (the ‘electric hexadecapole
moment’) with the fourth derivative of the electric potential. There are also high-order magnetic interactions.
In practice, all higher-order electromagnetic interactions are weak and unimportant.

A.8 Strong Coupling

A.8.1 Strongly-coupled Spin-1/2 pairs

Chapter 14 considers the dynamics of spin-1/2 pairs in two extreme cases: magnetic equivalence (no differ-
ence in chemical shifts) and weak coupling (a large difference in chemical shifts). This appendix considers
the general case.

The rotating-frame spin Hamiltonian is given by

Ĥ
0 = �0

1Î1z +�0
2Î2z + 2πJ12Î1 · Î2 + d12(3Î1zÎ2z − Î1 · Î2)

which has the following matrix representation in the Zeeman product basis:

Ĥ
0 = 1

2


�� + ωA

12 0 0 0

0 �� − ωA
12 ωB

12 0

0 ωB
12 −�� − ωA

12 0

0 0 0 −�� + ωA
12

 (A.29)
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where the A and B coupling terms are given by

ωA
12 = πJ12 + d12

ωB
12 = 2πJ12 − d12

and the sum and difference of the chemical shift frequencies are

�� = �0
1 +�0

2

�� = �0
1 −�0

2

It is possible to solve for the eigenvalues and eigenvectors of the matrix in Equation A.29 using standard
methods.2 The eigenvectors are given by

|1〉 =


1

0

0

0

 |2〉 =


0

cos 1
2ξ

sin 1
2ξ

0



|3〉 =


0

− sin 1
2ξ

cos 1
2ξ

0

 |4〉 =


0

0

0

1


and the eigenvalues are given by

�1 = 1
2

(�� + ωA
12) �2 = −1

2
ωA

12 + 1
2

√
(ωB

12)2 +�2
�

�3 = −1
2
ωA

12 − 1
2

√
(ωB

12)2 +�2
� �4 = 1

2
(−�� + ωA

12) (A.30)

where the angle ξ is defined by

tan ξ = ωB
12

��
(A.31)

If the angle ξ is small, then the system is weakly coupled. If the angle ξ approaches π/2, then the system is
strongly coupled.

We can use these results to see what happens when an NMR signal is induced by a strong π/2 pulse.
Take the usual expression for the thermal equilibrium spin density operator:

ρ̂©1 = ρ̂eq ∼ Î1z + Î2z

omitting the unity operator and the Boltzmann factor. The thermal equilibrium density operator is inde-
pendent of whether the spin system is weakly or strongly coupled, within the usual approximations of high
temperature and high field.

The (π/2)x pulse rotates the spin density operator in the usual way, yielding

ρ̂©2 ∼ − Î1y − Î2y

This transformation is also independent of the coupling state of the spin system.
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Now suppose that the system evolves freely, in the absence of r.f. fields. The treatment in Section 15.9
does not apply if the system is strongly coupled. How does one proceed?

The first step is to express the spin density operator in terms of the coherences between the eigenstates
of Ĥ, defined in Equation A.30. This may be done using

ρ̂ =
4∑
r=1

4∑
s=1

ρrs|r〉〈s|

where ρrs is the coherence between eigenstate |r〉 and eigenstate |s〉. If the time point t = 0 corresponds to
the end of the pulse, then the coherence ρrs at t = 0 is given by

ρrs(0) = 〈r|ρ̂©2 |s〉 = −〈r|(Î1y + Î2y)|s〉
The coherences may be evaluated by using the vector representations of 〈r| and |s〉, and the matrix repre-
sentation of Î1y + Î2y. For example, the (−1)-quantum coherence between states |2〉 and |1〉 is given by

ρ21(0) = − 1
2i

(
0 , cos

1
2
ξ , sin

1
2
ξ , 0

)
·


0 1 1 0

−1 0 0 1

−1 0 0 1

0 −1 −1 0

 ·


1

0

0

0


= 1

2i

(
cos

1
2
ξ + sin

1
2
ξ

)
If the calculation is repeated for the other three (−1)-quantum coherences, we get:

ρ31(0) = 1
2i

(cos
1
2
ξ − sin

1
2
ξ)

ρ42(0) = 1
2i

(cos
1
2
ξ + sin

1
2
ξ)

ρ43(0) = 1
2i

(cos
1
2
ξ − sin

1
2
ξ)

If the angle ξ is equal to zero, all four (−1)-quantum coherences have equal amplitude. This is the weak
coupling case. If the angle ξ is equal to π/2, on the other hand, the coherences ρ31 and ρ43 are not excited
by the pulse at all. This is the case of magnetic equivalence. In the general strong coupling case, all four
(−1)-quantum coherences are excited, but with unequal amplitudes.

Now suppose that the system evolves for an interval t. The coherences oscillate as usual according to the
difference in energies between the states involved (see Section 15.4). A given coherence, therefore, has the
following value at time t:

ρrs(t) = ρrs(0) exp{[−i(�r −�s) − λ]t}
where a damping decay constant λ has been included to take into account transverse relaxation (assumed
to be the same for all coherences, for the sake of simplicity). The rotating-frame eigenvalues �r and �s are
specified in Equation A.30.

Each oscillating (−1)-quantum coherence induces an NMR signal, which therefore has the form

s(t) =
4∑
r=1

4∑
s=1

ars exp{[i�rs − λ]t}
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The terms ars are the complex amplitudes of the spectral peaks. The peak frequencies are given by differences
in the Hamiltonian eigenvalues:

�rs = −�r +�s

In order to complete the calculation of the NMR signal, we require the signal amplitudes ars. Here,
we must be careful, since in strongly coupled systems the different (−1)-quantum coherences couple to
the observable magnetization with different efficiencies. This may be seen by repeating the arguments in
Appendix A.5 for the strongly coupled system. For example, Equation A.17 becomes

Mx ∼ 〈Îx〉 = Tr{ρ̂Îx} =
4∑
r=1

4∑
s=1

〈r|ρ̂|s〉〈s|Îx|r〉 =
4∑
r=1

4∑
s=1

ρrs〈s|Îx|r〉

which shows that a coherence ρrs couples to the observable magnetization with a factor 〈s|Îx|r〉. The signal
coupling efficiencies for the four (−1)-quantum coherences in the AB system are readily calculated to be

〈1|Îx|2〉 = 1
2

(cos
1
2
ξ + sin

1
2
ξ) 〈1|Îx|3〉 = 1

2
(cos

1
2
ξ − sin

1
2
ξ)

〈2|Îx|4〉 = 1
2

(cos
1
2
ξ + sin

1
2
ξ) 〈3|Îx|4〉 = 1

2
(cos

1
2
ξ − sin

1
2
ξ)

In general, two of the four coherences provide stronger NMR signals than the other two. In the case of
magnetic equivalence (ξ = π/2), two of the coherences do not induce NMR signals at all.

Taking this into account, we get the following general expression for the quadrature-detected signal
amplitude generated by the coherence ρrs:

ars = 2iρrs(0)〈r|Îx|s〉 exp{−iφrec} (A.32)

where φrec is the receiver phase. This equation applies to any (−1)-quantum coherence in an arbitrary
coupled system.

The above expressions may be combined to obtain the NMR signal obtained by applying a single π/2
pulse to an ensemble of AB systems:

s(t) = a21 exp{[i�21 − λ]t} + a31 exp{[i�31 − λ]t}
+a42 exp{[i�42 − λ]t} + a43 exp{[i�43 − λ]t}

The signal frequencies are given by

�21 = 1
2
�� + ωA

12 − 1
2

√
(ωB

12)2 +�2
�

�31 = 1
2
�� + ωA

12 + 1
2

√
(ωB

12)2 +�2
�

�42 = 1
2
�� − ωA

12 + 1
2

√
(ωB

12)2 +�2
�

�43 = 1
2
�� − ωA

12 − 1
2

√
(ωB

12)2 +�2
�

and the signal amplitudes after a single π/2 pulse are
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a21 = 1
2

(
cos

1
2
ξ + sin

1
2
ξ

)2

= 1
2

(1 + sin ξ) a31 = 1
2

(
cos

1
2
ξ − sin

1
2
ξ

)2

= 1
2

(1 − sin ξ)

a42 = 1
2

(
cos

1
2
ξ + sin

1
2
ξ

)2

= 1
2

(1 + sin ξ) a43 = 1
2

(
cos

1
2
ξ − sin

1
2
ξ

)2

= 1
2

(1 − sin ξ)

assuming φrec = 0.
After FT, we get the following expression for the NMR spectrum:

S(�) = a21L(�;�21, λ) + a31L(�;�31, λ) + a42L(�;�42, λ) + a43L(�;�43, λ)

displaying four peaks with different frequencies and amplitudes.
The simulations shown below illustrate the case with �� = 0, no dipole–dipole coupling (djk = 0), a

J-coupling of Jjk = 10 Hz, and different values for the chemical shift frequency difference ��:

Figure A.7
Spectra of spin-1/2
pairs, in the case of
Jjk = 10 Hz and zero
dipole–dipole coupling.

In the limit of a large frequency difference��, the system is weakly coupled, and the spectrum displays the
typical four-peak pattern of an AX spin system (although with small residual distortions in the relative peak
amplitudes). As�� is reduced, the outer peaks lose amplitude (these peaks correspond to the coherences ρ31

and ρ43, which are weakly excited by the π/2 pulse and which also couple poorly to the observable signal).
At the same time, the inner peaks gain amplitude. In the case of a very small chemical shift difference, the
outer peaks disappear and the inner peaks coalesce. In the limit of a identical chemical shift frequencies,
the system displays only a single spectral peak. This is the case of magnetic equivalence in the absence of
J-coupling (see Figure 14.6a).

The simulation shown in Figure A.8 illustrates what happens if there is no J-coupling Jjk = 0, but there
is a finite secular dipole–dipole coupling of djk/2π = 10 Hz. The behaviour of the spin system is similar to
the J-coupled case in the limit of large chemical shift difference: a four-peak AX pattern is observed, with a
frequency splitting of 2djk/2π = 20 Hz between the doublet components. However, when �� is reduced, it
is the central peaks that lose amplitude in the dipolar-coupled case. At very small values of��, the central
peaks vanish altogether, leaving a doublet with splitting 3djk/2π = 30 Hz.
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Figure A.8
Spectra of spin-1/2
pairs, in the case
djk = 10 Hz and zero
J-coupling.

Note carefully that the magnetic equivalence of the two spins in the case �� = 0 does not remove the
spin–spin splitting, in the case of a dipolar-coupled system (see Figure 14.6b).

The above expressions also apply when both J-couplings and secular dipolar couplings exist at the same
time. The following simulation is for the case �� = 0 and Jjk = djk/2π = 10 Hz:

Figure A.9
Spectra of spin-1/2
pairs, in the case of
Jjk = djk = 10 Hz.

Remarkably, all four peak amplitudes remain the same, independent of the shift frequency difference
��. Formally, this system is weakly coupled for all values of �� (ξ = 0 in Equation A.31).

Strongly-coupled spectra are sometimes called “second-order spectra” in the literature, while weakly-
coupled spectra are sometimes called "first-order". The meaning of these terms is unclear, and they should
be avoided.

A.8.2 General strongly coupled systems

The situation is more complicated when there are more than two coupled spins, but the general principles
are the same. The spectrum induced by a single strong π/2 pulse, applied to a thermal equilibrium spin
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ensemble in high magnetic field, may be calculated as follows:

1. Construct the rotating-frame Hamiltonian operator Ĥ for the spin system.

2. Calculate the matrix representation H of the Hamiltonian Ĥ in a suitable basis (for example the Zeeman
product basis). If each spin system contains N coupled spins-1/2, the dimension of the matrix H is
2N × 2N .

3. Determine the matrix representation of the operator Î+ in the same basis. Denote this I+.

4. Determine the eigenvalues and normalized eigenvectors of H (see Section 6.4). Each normalized eigen-
vector xr corresponds to a rotating-frame Hamiltonian eigenvalue�r, with the eigenvalue index r taking
the values {1, 2 . . . 2N}:

H · xr = �rxr

In simple cases, the eigenvalues and eigenvectors may be determined analytically, as in Section A.8. In
more complicated cases, numerical methods are available for diagonalizing the matrix.

5. In general, the NMR spectrum consists of 22N spectral peaks, each corresponding to a coherence between
the eigenvectors. The coherence frequencies correspond to differences in Hamiltonian eigenvalues:

�rs = −�r +�s

The peak amplitudes correspond to the squares of the matrix elements of Î+:

ars = |xr† · I+ · xs|2

6. The NMR spectrum is a sum of Lorentzians, one for each coherence:

S(�) =
2N∑
r,s=1

arsL(�;�rs, λ) (A.33)

where λ = T2
−1.

In practice, the sum in Equation A.33 may be restricted to (−1)-quantum coherences, since the amplitudes
ars vanish in all other cases.

A.9 J-Couplings and Magnetic Equivalence

In this appendix, I prove that J-couplings between magnetically equivalent spins may be omitted from the
spin Hamiltonian without changing the results of any calculations.

Consider first the following theorem. Suppose that the spin Hamiltonian contains two hermitian terms
Â and B̂, which mutually commute:

Ĥ = Â+ B̂[
Â, B̂

] = 0 (A.34)

Suppose also that B̂ commutes with an operator Q̂:[
B̂, Q̂

] = 0 (A.35)
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The theorem states that the expectation value of Q̂may be calculated as a function of time without including
the term B̂ in the Hamiltonian.

This may be shown as follows. The Schrödinger equation leads to the following equation of motion for
a spin state |ψ〉:

|ψ〉(t) = exp{−iĤt}|ψ〉(0)

If the Hamiltonian contains two commuting terms, then the exponential operator may be written as

exp{−iĤt} = exp{−iB̂t} exp{−iÂt}
The equation of motion for the ket and bra states is therefore

|ψ〉(t) = exp{−iB̂t} exp{−iÂt}|ψ〉(0)

〈ψ|(t) = 〈ψ|(0) exp{+iÂt} exp{+iB̂t}
The expectation value of the operator Q̂ evolves as follows:

〈Q̂〉(t) = 〈ψ|(t) Q̂ |ψ〉(t)
= 〈ψ|(0) exp{+iÂt} exp{+iB̂t}Q̂ exp{−iB̂t} exp{−iÂt}|ψ〉(0)

Now if the operators Q̂ and B̂ commute, then

exp{+iB̂t}Q̂ exp{−iB̂t} = Q̂

Hence

〈Q̂〉(t) = 〈ψ|(0) exp{+iÂt}Q̂ exp{−iÂt}|ψ〉(0)

which is independent of B̂.
This theorem may be applied to the problem of magnetic equivalence as follows. Consider a molecular

spin system containing three spins I1, I2 and I3, with the following relationships between the chemical shift
frequencies and the J-couplings:

ω0
1 = ω′ ω0

2 = ω′

ω0
3 = ω′′ J12 = J ′

J13 = J ′′ J23 = J ′′

Spins I1 and I2 are magnetically equivalent according to the standard definition.
The spin Hamiltonian may be divided up as in Equation A.34, with

Â = ω′(Î1z + Î2z) + ω′′Î3z + 2πJ ′′ (Î1 + Î2
) · Î3

B̂ = 2πJ ′ Î1 · Î2

The commutation of Â and B̂may be demonstrated by repeating the following reasoning for all the relevant
terms: [ (

Î1x + Î2x
)
Î3x , Î1zÎ2z

] = [
Î1x + Î2x, Î1zÎ2z

]
Î3x = 0 (A.36)

Furthermore, all relevant observable operators also commute with B̂. This is because the observation
process always involves a sum of contributions from all spins of the same isotopic type. For example, a
typical observable operator corresponds to the sum of spin angular momentum along the x-axis:

Q̂ = Î1x + Î2x + Î3x



Spin Echo Sandwiches •623

This operator also commutes with B̂. The theorem above indicates that the term B̂ may be dropped from
the spin Hamiltonian without damage.

This reasoning may be extended to more complicated cases. Consider, for example, the case of four spins,
in which the first three are magnetically equivalent:

ω0
1 = ω′ ω0

2 = ω′

ω0
3 = ω′ ω0

4 = ω′′

J12 = J ′ J13 = J ′

J14 = J ′′ J23 = J ′

J24 = J ′′ J34 = J ′′

The Hamiltonian may be organized into two commuting terms as follows:

Â = ω′(Î1z + Î2z + Î3z) + ω′′Î4z + 2πJ ′′ (Î1 + Î2 + Î3
) · Î4

B̂ = 2πJ ′ (Î1 · Î2 + Î2 · Î3 + Î3 · Î4
)

(A.37)

If the observable operator has the form

Q̂ = Î1x + Î2x + Î3x + Î4x

then the commutation properties shown in Equations A.34 and A.35 may be proved by repeating Equation
A.36 for all relevant terms. The couplings within the group of magnetically equivalent spins may, therefore,
be omitted from the spin Hamiltonian.

A.10 Spin Echo Sandwiches

In this appendix, I examine the properties of the spin echo sequence

Figure A.10
Spin echo sandwich.

in coupled spin systems.
In the case of a general spin system in an isotropic liquid, the propagator for this pulse sequence element

is given by

ÛSES = Û(τ/2)R̂x(π)Û(τ/2) (A.38)

where

Û(τ/2) = exp{−iĤ
0
τ/2}

and the secular rotating-frame Hamiltonian has the form

Ĥ
0 =

∑
j

�0
j Îjz +

∑′

j<k

2πJjk Îj · Îk

This expression may be simplified, depending on the duration of the spin echo sequence and whether
the spin system satisfies the weak-coupling conditions or not:
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1. The short-duration limit. If the duration τ of the spin echo sequence satisfies

|(�0
j −�0

k)τ| << 1 (A.39)

for all pairs of coupled spins j and k, then the propagator for the spin echo sandwich may be written as

ÛSES ∼= Û
strong
J (τ)R̂x(π) (short-duration limit) (A.40)

where Ûstrong
J is given by

Û
strong
J (τ) = exp{−iĤ

strong
J τ} (A.41)

and

Ĥ
strong
J =

∑′

j<k

2πJjk Îj · Îk (A.42)

In the short-duration limit, the system is rotated by theπ pulse, followed by evolution under the strongly
coupled form of the J-couplings. Note that Equation A.40 always applies at short durations, even for
systems that satisfy the usual weak-coupling condition.

2. The long-duration limit. If the spin system satisfies the weak-coupling condition

|(�0
j −�0

k)| >> |πJjk| (A.43)

and the duration τ of the spin echo sequence is sufficiently long, i.e.

|(�0
j −�0

k)τ| >> 1 (A.44)

for all pairs of magnetically equivalent coupled spins j and k, then the propagator for the spin echo
sandwich is given by

ÛSES ∼= Ûweak
J (τ)R̂x(π) (long-duration limit) (A.45)

where Ûweak
J is given by

Ûweak
J (τ) = exp{−iĤ

weak
J τ}

and

Ĥ
weak
J =

∑′

j<k

2πJjkÎjzÎkz

The expression for the propagator (Equation A.45) corresponds to Equation 15.25 in the case of an AX
system. In the long-duration limit, the system is rotated by the π pulse, followed by evolution under
the weakly coupled form of the J-couplings.

These properties are now proved.
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A.10.1 Short-duration limit

In general, the propagator for the spin echo sandwich (Equation A.38) may be rewritten as follows:

ÛSES = Û(τ/2)R̂x(π)Û(τ/2)

= Û(τ/2) · R̂x(π)Û(τ/2)R̂x(−π) · R̂x(π)

= Û(τ/2)Û ′(τ/2)R̂x(π)

where

Û ′(τ/2) = R̂x(π)Û(τ/2)R̂x(−π)

By the arguments of Appendix A.3, this may be rearranged as

Û ′(τ/2) = R̂x(π) exp{−iĤ
0
τ/2}R̂x(−π)

= exp{−i R̂x(π)Ĥ
0
R̂x(−π) τ/2}

= exp{−i Ĥ
0′
τ/2}

where

Ĥ
0′ = R̂x(π)Ĥ

0
R̂x(−π)

The bracketing πx rotations have the effect of inverting the chemical shift terms, leaving the sign of the
J-coupling terms unchanged:

Ĥ
0′ = −

∑
j

�0
j Îjz +

∑′

j<k

2πJjk Îj · Îk

The spin echo propagator is therefore given by

ÛSES = exp{−iĤ
0
τ/2} exp{−iĤ

0′
τ/2}R̂x(π)

So far, this expression is general.

In general, Ĥ
0

and Ĥ
0′

do not commute. However, if the duration τ is sufficiently small, then Equation
6.35 applies, which leads to the following approximate result:

ÛSES ∼= exp{−i(Ĥ
0 + Ĥ

0′
)τ/2}R̂x(π)

and hence

ÛSES ∼= Û
strong
J (τ)R̂x(π) (A.46)

as in Equation A.40.

A.10.2 Long-duration limit

The propagator for the spin echo sandwich

ÛSES = exp{−iĤ
0
τ/2} exp{−iĤ

0′
τ/2}R̂x(π) (A.47)
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cannot be simplified in general for large values of τ, since Ĥ
0′

and Ĥ
0

do not commute. However, if the
system is weakly coupled, and the intervals τ/2 are sufficiently long, then the secular approximation (Ap-
pendix A.6) may be applied locally within each precession interval. Under these conditions, the propagator
may be approximated:

ÛSES ∼= exp{−iĤ
0
weakτ/2} exp{−iĤ

0′
weakτ/2}R̂x(π)

where Ĥ
0
weak is the weakly coupled spin Hamiltonian in the rotating frame:

Ĥ
0
weak

∼=
∑
j

�0
j Îjz +

∑′

j<k

2πJjkÎjzÎkz (A.48)

and

Ĥ
0′
weak = R̂x(−π)Ĥ

0
weakR̂x(π)

= −
∑
j

�0
j Îjz +

∑′

j<k

2πJjkÎjzÎkz

Since the Hamiltonians Ĥ
0
weak and Ĥ

0′
weak commute, Equation 6.32 may be used to write the product of the

propagators in Equation A.47 as

ÛSES = exp{−i(Ĥ
0′
weak + Ĥ

0
weak)τ/2}R̂x(π) (A.49)

which evaluates to

ÛSES = Ûweak
J (τ)R̂x(π) (A.50)

as in Equation A.45.
The spin echo sandwich, therefore, has the same effect as a strong π pulse, followed by a period τ of

evolution under the weakJ-couplings. Since the operators commute, this sequence may also be applied the
other way round.

The long-duration form of the spin echo sandwich is often used to manipulate spin systems under the
weakly coupled J-couplings, without regard for the chemical shifts. This is the most common application
of a spin echo sandwich, and is encountered in Sections 16.2, 16.3 and 18.12.

A.10.3 Two spin echo sequences

If two spin echo sequences follow each other immediately, as in the sequence

Figure A.11
Two spin-echo
sandwiches.

then one may just multiply the propagators together, leading to

ÛSESÛSES ∼= Û
strong
J (τ)R̂x(π)Ûstrong

J (τ)R̂x(π)

in the short-duration limit, and
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ÛSESÛSES ∼= Ûweak
J (τ)R̂x(π)Ûweak

J (τ)R̂x(π)

in the long-duration limit.
In both cases, the π rotations commute with the spin coupling Hamiltonian, so the effective propagator

under the double spin echo sequence is

ÛSESÛSES ∼= Ûweak
J (2τ)R̂x(2π)

in the long-duration limit, and

ÛSESÛSES ∼= Û
strong
J (2τ)R̂x(2π)

in the short-duration limit. The operator for a rotation by 2π may usually be omitted.3

In general, for n consecutive spin echo sequences, we get

ÛSESÛSES . . . ÛSES ∼= Ûweak
J (nτ)R̂x(2nπ) (A.51)

in the long-duration limit, and

ÛSESÛSES . . . ÛSES ∼= Û
strong
J (nτ)R̂x(2nπ) (A.52)

in the short-duration limit.
If n is even, then the operator R̂x(2nπ) may be ignored,3 so the application of a dense sequence of π pulses

leads to evolution under the pure strongly coupled J-Hamiltonian. This property is used in the TOCSY
pulse sequence (see Section 18.14).

A.10.4 Heteronuclear spin echo sequences

In heteronuclear systems, the Larmor frequency difference between spins of different type is very large.
Both of the conditions in Equations A.43 and A.44 are always satisfied for the heteronuclear couplings. The
heteronuclear part of the spin echo propagator always has the weakly coupled form.

In heteronuclear systems, the form of the spin echo propagator depends on whether the π pulse is applied
to one or both of the spin species.

1. If a π pulse is applied to both spin species, then the following equivalence may be made:
If the homonuclear couplings also satisfy the ‘long limit’ conditions, then the propagator for the

heteronuclear spin echo sequence may be written as

ÛSES = Ûweak
J (τ)R̂Ix(π)R̂Sx (π)

where R̂Ix(π) and R̂Sx (π) represent π rotations of the two spin species, and the weak coupling propagator
is

Ûweak
J (τ) = exp{−iĤ

weak
J τ}

The weak-coupling Hamiltonian Ĥ
weak
J contains all the couplings in the system (both homonuclear and

heteronuclear). All chemical shift interactions are suppressed. A heteronuclear spin echo sandwich with
a π pulse applied to both spin species behaves in the same way as a homonuclear spin echo sandwich:
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Figure A.12
Heteronuclear spin echo
sequence, with π pulses
on both channels.

2. If a π pulse is applied to only one spin species, on the other hand, the following equivalence applies:

Figure A.13
Heteronuclear spin echo
sequence, with a π pulse
on the I-spin channel.

The spin echo sandwich suppresses chemical shifts for the irradiated species, but not for the non-
irradiated species. Furthermore, the spin echo sandwich suppresses heteronuclear J-couplings, but
retains homonuclear J-couplings. Formally, the propagator for this single-channel spin echo sandwich
is

ÛSES = Ûweak
II (τ)Ûweak

S (τ)R̂Ix(π)

where the propagators are
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Ûweak
II (τ) = exp{−iĤ

weak
II τ}

Ûweak
S (τ) = exp{−iĤSτ}

and the Hamiltonians are

Ĥ
weak
II =

∑′

j<k

2πJjkÎjzÎkz

ĤS =
∑
�

�0
�Ŝ�z +

∑′

�<m

2πJ�mŜ�zŜmz

assuming that the weak-coupling conditions are satisfied for the S-spins.

A.11 Phase Cycling

In this appendix, I discuss the principles of phase cycling, which is a powerful and commonly used procedure
for selecting certain types of NMR signals and suppressing others.

The basic practice of phase cycling is presented in Section 5.3. The phases of r.f. pulses and the the receiver
phase are varied from transient to transient in a cyclic fashion, and the NMR signals from these different
experiments are added together.

In this appendix, I discuss (i) how to predict which NMR signals are selected by a given phase-cycling
procedure and (ii) how to design a phase cycle for a particular experiment, using a systematic algorithm.
The discussion given here is necessarily superficial. A more thorough discussion may be found in Further
Reading.

A.11.1 Coherence transfer pathways

The first step in phase cycling theory is to draw the coherence transfer pathway diagram for an experiment. This
represents the history of coherence orders leading to the desired NMR signals in a particular experiment.4

Consider, for example, the COSY pulse sequence discussed in Section 16.1. The basic pulse sequence for
this experiment, and its associated coherence transfer pathway diagram, is as follows:

Figure A.14
COSY pulse sequence
and its coherence
transfer pathway.

This shows the ‘cosine’ pulse sequence in the States procedure. The ‘sine’ pulse sequence in the States
procedure has the same coherence transfer pathway diagram.

In this book, thick black arrows indicate the desired histories of coherence orders leading to desirable
NMR signals. In the case above, the desirable pathways are

0 → +1 → −1 (A.53)
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and

0 → −1 → −1 (A.54)

All pathways start with order 0 (corresponding to spin populations) and terminate with order −1 (cor-
responding to observable (−1)-quantum coherences as detected in the quadrature receiver; see Appendix
A.5).

The pathways given in Equations A.53 and A.54 indicate the conversion of spin populations into (±1)-
quantum coherences by the first pulse, followed by conversion of these into observable (−1)-quantum
coherences by the second pulse. The treatment given in Section 16.1 shows that both of these pathways are
necessary to obtain pure absorption spectra using the States procedure. For example, the state ρ̂cos©3

given

in Equation 16.7 contains both (±1)-quantum coherences, and the States procedure would fail if any one
of these pathways were suppressed. It is very important to maintain such essential dual pathways when
designing phase-cycling procedures.

More complicated pulse sequences may have several coherence transfer steps, and a greater multiplicity
of desirable signal pathways. For example, the INADEQUATE experiment (Section 16.2) has the following
pulse sequence and coherence transfer pathway diagram:

Figure A.15
INADEQUATE pulse
sequence and its
coherence transfer
pathway.

There are four desired coherence transfer pathways in this case:

0 → +1 → −1 → +2 → −1

0 → +1 → −1 → −2 → −1

0 → −1 → +1 → +2 → −1

0 → −1 → +1 → −2 → −1 (A.55)

In addition to these desirable signal pathways, it is also important to identify the undesirable signal
pathways.

For example, in the COSY experiment, the signals passing through order 0 during the evolution interval
t1 may be relatively large, if the flip angle of the first pulse is not exactly π/2. These signals give rise to false
two-dimensional peaks at the frequency coordinate�1 = 0 and must be suppressed to obtain a good result.

Similarly, in the INADEQUATE experiment, it is very important to suppress all signals that do not pass
through (±2)-quantum coherences, in order to remove signals from isotopomers containing isolated 13C
spins.

A.11.2 Coherence transfer amplitudes

Phase cycling is based upon the transformation properties of the signals under phase shifts of the r.f. pulses.
Consider a general situation in which a pulse sequence element A, with phase φ, converts the coherence

between two states |r〉 and |s〉 into a coherence between two different states |u〉 and |v〉:
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Figure A.16
A coherence transfer
process.

In the example shown, the coherence between states |r〉 and |s〉 has order prs = +2, while the coherence
between states |u〉 and |v〉 has order puv = −1. The change in coherence order is represented by the bold line
on the coherence transfer pathway diagram.

This coherence transfer process may be represented mathematically as follows:

Âφ|r〉〈s|Âφ† = Z(φ)|u〉〈v| + . . . (A.56)

where Âφ is the propagator for the pulse sequence element A, with phase φ, and Z(φ) is a complex number,
called the coherence transfer amplitude.

The magnitude of Z indicates how efficiently the coherence |r〉〈s| is converted into the coherence |u〉〈v|
by the pulse sequence element A.

The coherence transfer amplitude Z is easily evaluated by multiplying Equation A.56 on the left by 〈u|
and on the right by |v〉. By using the orthogonality of the spin eigenfunctions, we get

Z(φ) = 〈u|Âφ|r〉〈s|Âφ†|v〉
This equation relates the coherence transfer amplitude to the product of two operator matrix elements.

A.11.3 Coherence orders and phase shifts

We now examine how the coherence transfer amplitude Z depends on the phase of the element A.
The propagator for the element A depends on the phase as follows:

Âφ = R̂z(φ)Â0R̂z(−φ)

where R̂z(φ) is the operator for a rotation by φ around the z-axis. It follows that the coherence transfer
amplitude depends on the phase of A through

Z(φ) = 〈u|R̂z(φ)Â0R̂z(−φ)|r〉 〈s|R̂z(φ)Â0
†R̂z(−φ)|v〉 (A.57)

In high magnetic field, all four spin states |r〉, |s〉, |u〉 and |v〉 are eigenstates of the total angular momentum
along the z-axis:

Îz|r〉 = Mr|r〉 Îz|s〉 = Ms|s〉
Îz|u〉 = Mu|u〉 Îz|v〉 = Mv|v〉
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where Mr, Ms, Mu and Mv are the Zeeman quantum numbers of the states.
Since the rotation operator R̂z(−φ) is equal to exp{+iφÎz}, the results in Section 6.5 may be used to give

R̂z(−φ)|r〉 = exp{+iMrφ}|r〉
R̂z(−φ)|v〉 = exp{+iMuφ}|v〉

Similarly:

〈s|R̂z(φ) = 〈s| exp{−iMsφ}
〈u|R̂z(φ) = 〈u| exp{−iMuφ}

These equations may be substituted into Equation A.57 to get

Z(φ) = 〈u|Â0|r〉 〈s|Â0
†|v〉 exp{i(−Mu +Mr −Ms +Mv)φ}

which may be written as

Z(φ) = Z(0) exp{−i(puv − prs)φ}
where puv = Mu −Mv is the order of coherence |u〉〈v| and prs = Mr −Ms is the order of coherence |r〉〈s|.

The quantity puv − prs corresponds to the change in coherence order. If the change in order is denoted �p,
we get the important equation

Z(φ) = Z(0) exp{−iφ�p} (A.58)

This indicates that changing the phase of a pulse sequence element multiplies each coherence transfer
amplitude by a complex exponential factor. The phase of the exponential factor is proportional to the phase
of the pulse multiplied by the change in coherence order �p.

In the example above, prs = +2 and puv = −1, so the change in coherence order is �p = −3. If the phase
of the pulse is changed by φ, the phase of the amplitude for the process |r〉〈s| ⇒ |u〉〈v| changes by 3φ.

A.11.4 The pathway phase

Consider a particular signal pathway, such as the following example:

Figure A.17
An example of a
coherence transfer
pathway.

The first pulse sequence block A has phase φA, and the second block B has phase φB. The signal is detected
and digitized using a receiver phase φrec.

The pathway is characterized by a shift in coherence order �pA = +1 over the first block (the order
increases from 0 to +1), and by a shift in coherence order �pB = −2 over the second block (the order
decreases from +1 to −1).
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Suppose that an experiment is conducted with some value for the phases φA, φB and φrec. The NMR signal
is the sum of contributions from many pathways, including the one shown. We may write this as

s(t;φA, φB, φrec) =
∑
path

spath(t;φA, φB, φrec)

where the sum is taken over all possible signal pathways.
Now suppose that a ‘reference’ experiment is conducted, in which all phases φA, φB and φrec are equal to

zero. The signal in the reference experiment is given by

s(t; 0, 0, 0) =
∑
path

spath(t; 0, 0, 0)

From Equation A.58, the signal contributions from each pathway have a simple relationship in the two
experiments: They are related through

spath(t;φA, φB, φrec) = spath(t; 0, 0, 0) exp{−i�path}
where �path is the total pathway phase, given by

�path = �pAφA +�pBφB + φrec (A.59)

In the example above, the changes in coherence order are�pA = +1 and�pB = −2, so the total pathway
phase is

�path = +φA − 2φB + φrec

A.11.5 A sum theorem

Before proceeding, we require the following result.
Consider the following sum of n terms:

S = 1 + x+ x2 + x3 + . . .+ x(n−2) + x(n−1) (A.60)

where

x = exp{i 2πp
n

} (A.61)

and p and n are integers.
This sum has the following property:

S =
{

0 if p �= n× integer

n if p = n× integer
(A.62)

The theorem Equation A.62 may be proved in the following way. Multiply Equation A.60 by x on both
sides:

Sx = x+ x2 + x3 + . . .+ x(n−1) + xn (A.63)

Now from the definition of x (Equation A.61), we have

xn = exp{i2πp} = 1
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since p is an integer. Hence Equation A.63 becomes

Sx = x+ x2 + x3 + . . .+ x(n−1) + 1

= 1 + x+ x2 + x3 + . . .+ x(n−1) (A.64)

The right-hand sides of Equations A.64 and A.60 are equal. Hence, we have

Sx = S

which may be written as

S(x− 1) = 0

Take the case that x is not equal to 1, so that x− 1 �= 0. In this case, the sum S must vanish in order to satisfy
the equality. If, on the other hand, x is equal to 1, then the sum S need not vanish, and the definition in
Equation A.60 leads to the value S = n. We have, therefore, derived the following property of the sum S:

S =
{

0 if x �= 1

n if x = 1

Now from Equation A.61, x is only equal to 1 if p is equal to an integer multiple of n. This proves the theorem
Equation A.62.

A.11.6 Pathway selection I

The above theorem may be used to design a simple phase cycle. Suppose that NMR signals are added
together with the phases being cycled according to the following four-step table (n = 4).

Cycle counter m φA φB φrec

0 0 0 0

1 π/2 0 0

2 π 0 0

3 3π/2 0 0

(A.65)

The total number of transients N is a multiple of 4. The phase cycle counter m is given by m = mod(M, 4),
where the transient counter isM = 0, 1, 2 . . .N− 1. The phase table is read from top to bottom again and
again, adding together the NMR signals, until allN transients have been acquired. This simple phase cycle
is generated by the formulae

φA = 2π
4
m

φB = 0

φrec = 0

In this and the following formulae, all phases are taken modulo 2π. For example, the following phases are all
equivalent: {. . .− 3π/2, π/2, 5π/2, 9π/2 . . .}. All of these equivalent phases are denoted as π/2 in the phase
tables (sometimes, the computer software requires that phases are specified in the range 0 to 2π).

The signal component from a given coherence transfer pathway, at step m in the phase cycle, is given by

spath(t,m) = spath(t, 0) exp{−i�path(m)}
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where the pathway phase is equal to

�path = �pAφA +�pBφB + φrec

In the present case, all phases are equal to zero except to φA. The pathway phase is therefore

�path = �pAφA

= 2π
4
�pAm

The total signal from a certain pathway, summed over all four steps in the phase cycle, is therefore

stot
path(t) =

3∑
m=0

spath(t,m) = spath(t, 0)
3∑
m=0

exp{−i
2π�pAm

4
}

The sum on the right-hand side has the form of Equation A.62. The phase-cycled signal from a given pathway
is therefore given by

stot
path(t) =

{
0 if �pA �= 4 × integer

4spath(t, 0) if �pA = 4 × integer
(A.66)

The phase-cycled pathway signal vanishes unless the change in order �pA is an integer multiple of four (including
zero).

Since the coherence order before the first pulse is equal to zero, selection of the change in order �pA

is the same as selecting the coherence order p after the first pulse sequence block A. The phase cycle in
Equation A.65, therefore, allows signals passing through coherence orders p = 0,±4,±8 . . . between the
pulse sequence blocks. If one disregards coherences with orders |p| > 4, then the allowed signal pathways
are as follows:

Figure A.18
Allowed signal
pathways for Equation
A.65.

Signals passing through all other pathways are suppressed:

Figure A.19
Forbidden signal
pathways for Equation
A.65.

Note that the allowed pathways are separated in order by 4 units. This is a direct consequence of using
four steps in the phase cycle.

A.11.7 Pathway selection II

Now suppose that one wants to detect signals passing through the following pathway:

0 → +1 → −1
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while suppressing signals from neighbouring pathways.
Consider first the four-step phase cycle of Equation A.65. The table below shows the total phase �path

for the pathway 0 → +1 → −1 at each step in the phase cycle, as specified from Equation A.59:

Cycle counter m φA φB φrec �path(0 → +1 → −1)

0 0 0 0 0

1 π/2 0 0 π/2

2 π 0 0 π

3 3π/2 0 0 3π/2

(A.67)

Since the total pathway phase varies from one step in the phase cycle to the next, the signals from the desired
pathway 0 → +1 → −1 cancel out exactly, under the phase cycle of Equation A.65, as predicted in Equation
A.66.

Now suppose that the receiver phase φrec is changed in synchrony with the phase φA, in order to keep
�path constant for the desired pathway 0 → +1 → −1. This may be done by setting the receiver phase equal
to minus the last column in Equation A.67, providing

Cycle counter m φA φB φrec �path(0 → +1 → −1)

0 0 0 0 0

1 π/2 0 −π/2 0

2 π 0 −π 0

3 3π/2 0 −3π/2 0

The total pathway phase �path is now equal to zero for all steps m, for the desired pathway 0 → +1 → −1.
Phases may be converted into the interval 0 to 2π by the procedure φ ⇒ mod(φ, 2π). We get the following

table:

Cycle counter m φA φB φrec

0 0 0 0

1 π/2 0 3π/2

2 π 0 π

3 3π/2 0 π/2

(A.68)

The phase cycle in Equation A.68 has�path = 0 for the pathway 0 → +1 → −1, ensuring that signals passing
through this pathway interfere constructively as the signals are accumulated.

Since φA is cycled in four steps, the phase cycle in Equation A.68 selects not only signals with �pA, but
all signals obeying�pA = +1 + 4 × integer, i.e.�pA = . . .− 7,−3,+1,+5 . . .. If one disregards coherences
with orders |p| > 4, then the allowed signal pathways are as follows:

Figure A.20
Allowed signal
pathways for Equation
A.68.
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Signals passing through all other pathways are suppressed:

Figure A.21
Forbidden signal
pathways for Equation
A.68.

The four-step phase cycle in Equation A.68 again selects coherence orders in steps of four, but the motion
of φrec in synchrony with φA shifts the centre position of the selection from order 0 to order +1.

It is often convenient to derive an explicit algorithm for calculating the phases. The total phase for the
pathway 0 → +1 → −1 is given by

�path = �pAφA +�pBφB + φrec = +φA − 2φB + φrec (A.69)

since the pathway has �pA = +1 and �pB = −2. A constant pathway phase �path = 0 may, therefore, be
imposed by using a receiver phase that satisfies the following equation:

φrec = −φA + 2φB (A.70)

The pulse phases in the phase cycle of Equation A.68 obey the following equations:

φA = 2π
4
m

φB = 0 (A.71)

This may be combined with Equation A.71 to give the following formula for the receiver phase:

φrec = −2π
4
m = −π

2
m

This example illustrates a general principle for constructing phase cycles:

1. Identify the coherence transfer pathway of the desirable NMR signals.

2. Design the number of steps in the cycle according to the number of neighbouring signal pathways that
must be suppressed.

3. Adjust the receiver phase on each step of the cycle to impose a constant total pathway phase �path for
the desired pathway.

A.11.8 Pathway selection III

A completely equivalent result may be obtained by cycling the phase φB of the second pulse sequence block
B. If the phase cycle is constructed according to

φA(m) = 0

φB(m) = 2πm
4

and the receiver phase is again adjusted to satisfy Equation A.70, then we get

φrec = 2
2πm

4
= πm
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This leads to the following n = 4 phase cycle:

Cycle counter m φA φB φrec

0 0 0 0

1 0 π/2 π

2 0 π 0

3 0 3π/2 π

(A.72)

which has an identical effect to that in Equation A.68. Both cycles select the signal pathways in Figure A.20
and reject the signal pathways in Figure A.21.

A.11.9 Selection of a single pathway I

Suppose one is interested in selecting the single coherence transfer pathway 0 → −3 → −1. The cycles given
in Equations A.68 and A.72 do allow signals from this pathway, but they also allow signals from the pathway
0 → +1 → −1.

In order to suppress signals from more coherence pathways, it is necessary to use more steps in the
phase cycle. It is possible to select signals from the pathway 0 → −3 → −1, at the same time as suppressing
signals from all other pathways involving four-quantum coherences or lower, by using n ≥ 8. A suitable
phase cycle is

Cycle counter m φA φB φrec

0 0 0 0

1 0 π/4 3π/2

2 0 2π/4 π

3 0 3π/4 π/2

4 0 4π/4 0

5 0 5π/4 3π/2

6 0 6π/4 π

7 0 7π/4 π/2

(A.73)

This eight-step cycle requires that the number of transients N is a multiple of 8.
Since eight steps are used for φB, this cycle allows signal pathways with �pA = −3 + 8 × integer. If one

disregards coherences with order larger than 4, only a single signal pathway is selected:

Figure A.22
Allowed signal
pathway for Equation
A.73.
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All other signal pathways are suppressed:

Figure A.23
Forbidden signal
pathways for Equation
A.73.

The phase cycle in Equation A.73 may be calculated in the systematic way developed above:

1. Identify 0 → −3 → −1 as the desired signal pathway.

2. This pathway is characterized by �pA = −3 and �pB = +2. The pathway phase is therefore given by

�path = �pAφA +�pBφB + φrec

= −3φA + 2φB + φrec

3. In order to suppress all other pathways with orders in the range −5 < p < 5, one requires at least
eight phase cycle steps either for φA or φB (one can easily see this using Figure A.23: the seven orders
p = −2,−1 . . . 3, 4 must be suppressed between blocks A and B) . If one chooses to cycle φB, then the
pulse phase definitions are

φA = 0

φB = 2π
8
m = π

4
m

4. On each step of the phase cycle, adjust the receiver phase so as to hold the total pathway phase for
0 → −3 → −1 equal to zero. This requires

�path = −3φA + 2φB + φrec = 0

and hence

φrec = 3φA − 2φB (A.74)

leading to

φrec = −2
π

4
m = −π

2
m

This corresponds to the phase cycle given in Equation A.73 (after converting all phases into the range
0 to 2π).

A.11.10 Selection of a single pathway II

In the example above, suppose that we choose to cycle φA instead of φB. This time the definition of the pulse
phases would be

φA = 2π
8
m = π

4
m

φB = 0
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Equation A.74 then leads to

φrec = 3π
4
m

The phase cycle is therefore

Cycle counter m φA φB φrec

0 0 0 0

1 π/4 0 3π/4

2 2π/4 0 3π/2

3 3π/4 0 π/4

4 4π/4 0 π

5 5π/4 0 7π/4

6 6π/4 0 π/2

7 7π/4 0 5π/4

(A.75)

This cycle has the same effect as that in Equation A.73.
On older NMR instruments, it may be easier to implement Equation A.73 (which employs receiver

phase-shifts in multiples of π/2) than Equation A.75 (which employs smaller receiver phase shift values).
This example shows that, although some phase cycles are fully equivalent mathematically, certain cycles
may be more difficult to implement than others, because of hardware limitations.

A.11.11 Dual pathway selection

Suppose that it is desired to select signals arising from two different pathways, e.g. 0 → +1 → −1 and
0 → −1 → −1:

Figure A.24
Two coherence transfer
pathways.

Such dual pathway selection is necessary for pure absorption two-dimensional spectroscopy using the
States procedure (see Section 5.9.4). The two pathways given above are precisely those needed to obtain
pure absorption COSY spectra (Section 16.1).

Selection of two pathways at the same time is accomplished by setting the number of steps in the cycle
equal to the order separation between the two desired pathways. In the case above, this separation is equal
to 2, so a two-step phase cycle is appropriate. The required phase cycle is a very simple one:

Cycle counter m φA φB φrec

0 0 0 0

1 π 0 π

(A.76)
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The phase cycle may be calculated formally by choosing one of the desired pathways (it doesn’t matter
which one), and following the systematic procedure given above. The pulse phase definitions are

φA(m) = 2πm
2

= πm

φB(m) = 0

The receiver phase may be worked out using the pathway 0 → −1 → −1 (which has�pA = −1 and�pB = 0)
as follows:

�path = �pAφA +�pBφB + φrec

= −φA + φrec

Setting �path = 0 leads to the following relationship:

φrec = φA

and hence

φrec = πm

as specified in Equation A.76.
As might be expected, this two-step phase cycle is not very selective. The following signal pathways are

allowed:

Figure A.25
Allowed signal
pathways for Equation
A.76.

while the following pathways are suppressed:

Figure A.26
Forbidden signal
pathways for Equation
A.76.

In particular, signals from the pathways 0 → ±3 → −1 are allowed as well as the desired signals from
0 → ±1 → −1.

It is not possible to select only the desired pair of pathways 0 → ±1 → −1 while suppressing all others,
using this particular approach to phase cycling. If necessary, this selection task may be accomplished by
more sophisticated data-processing procedures5 or by employing field gradient selection (see Appendix
A.12).

A.11.12 Internal phases I

In general, each pulse sequence block may itself consist of many r.f. pulses, possibly with different phases.
Phase cycling works properly only if the relative pulse phases within each block are rigorously conserved
throughout the phase cycle.



•642 Appendix A: Supplementary Material

For example, consider the four-step phase cycle in Equation A.68, and suppose that block A consists of
a (π/2)x pulse and a (π/2)y pulse separated by a delay, while block B consists of a (π/2)y pulse. This may be
visualized as follows:

Figure A.27
Three pulses in two
phase cycling blocks.

The phases of the pulses are related to those of the blocks as follows:

φ1 = φA

φ2 = φA + π/2

φ3 = φA + 3π/2

These relationships must be rigorously followed if the phase cycle is to work properly.
For example, the phase cycle given in Equation A.76 takes the following form for this three-pulse se-

quence:

Cycle counter m φ1 φ2 φ3 φrec

0 0 π/2 3π/2 0

1 π 3π/2 3π/2 π

(A.77)

The phase cycle determines which types of signal are allowed and which are suppressed. The phase cycle
does not determine the magnitude or phase of the allowed signals. Those parameters depend on the internal phases
of the pulses within each block, and must be determined using the detailed reasoning given in this book.

Note that a pulse sequence block may contain a single phase-shifted pulse, as for the third pulse in Figure
A.27.

A.11.13 Internal phases II

Consider the INADEQUATE pulse sequence, as discussed in Section 16.2. The pulse sequence and coherence
transfer pathway diagram may be interpreted in terms of two blocks as follows:



Phase Cycling •643

Figure A.28
INADEQUATE pulse
sequence formulated as
two blocks.

The first three pulses convert populations into (±2)-quantum coherences, and the last pulse converts the
(±2)-quantum coherences into observable (−1)-quantum coherences.

The relationship between the four pulse phases and the two block phases is as follows:

φ1 = φA φ2 = φA

φ3 = φA φ4 = φB + π/2 (A.78)

A four-step phase cycle for selecting the dual pathways 0 → +2 → −1 and 0 → −2 → −1 may be calculated
using the arguments above:

Cycle counter m φA φB φrec

0 0 0 0

1 0 π/2 3π/2

2 0 π π

3 0 3π/2 π/2

(A.79)

An explicit phase cycle for this experiment is therefore

Cycle counter m φ1 φ2 φ3 φ4 φrec

0 0 0 0 π/2 0

1 0 0 0 π 3π/2

2 0 0 0 3π/2 π

3 0 0 0 0 π/2

(A.80)

This phase cycle was used in Section 16.2.
Note that the phase of the last pulse starts at π/2. This has no bearing on the operation of the phase cycle,

which only concerns changes in the relative phases of the pulse sequence blocks. The initial value of φ4 is
decided by external arguments. In the case of Equation A.80, the initial value φ4 = π/2 causes the spin-pair
peaks to be in absorption mode, as discussed in Section 16.2.
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A.11.14 Nested phase cycles I

Sometimes more than one stage of coherence transfer pathway selection is required in a pulse sequence.
Consider, for example, the pulse sequence for double-quantum-filtered COSY, shown below:

Figure A.29
Double-quantum-
filtered COSY pulse
sequence formulated as
three blocks.

The indicated coherence transfer pathways may be selected by suppressing all signal paths that do not
involve coherence order steps�pA = ±1 over the first block A, as well as those that do not involve coherence
order steps �pC = +1 or −3 over the third block C.

The selection of coherence order steps �pA = ±1 implies that the block phase φA must be cycled in two
steps. The selection of coherence order steps�pC = +1 or −3 implies that the block phase φC must be cycled
in four steps. In order to select signal pathways with the desired values for both �pA and �pC, the phase
cycles for blocks A and C are nested. This means that, for every step in the cycle of block A, a complete cycle
of block C is performed. This leads to a full cycle consisting of 2 × 4 = 8 steps.

The mathematical function floor(x) proves to be useful for specifying nested phase cycles. The function
floor(x) returns the largest integer that is not greater than x. It ‘rounds down’ the argument x to the next
integer. Some examples are: floor(0.9) = 0; floor(1) = 1; floor(1.9) = 1; floor(−1.9) = −2.

A two-step phase cycle for φA, nested inside a four-step cycle for φC, may be specified as follows:

φA = 2πm
2

= πm

φB = 0

φC = 2π
4

floor(m/2) = π

2
floor(m/2)

The following table shows how the floor function generates the nested cycles:

Cycle counter m floor(m/2) φA φB φC

0 0 0 0 0

1 0 π 0 0

2 1 0 0 π/2

3 1 π 0 π/2

4 2 0 0 π

5 2 π 0 π

6 3 0 0 3π/2

7 3 π 0 3π/2
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The value of φrec may be calculated for each step of the phase cycle by keeping the total phase for one of
the desired pathways constant (once again, it doesn’t matter which of the desired pathways one selects).
For example, the pathway 0 → +1 → +2 → −1 has the following changes in coherence order: �pA + 1;
�pB = +1; �pC = −3, which leads to the following condition:

�path = �pAφA +�pBφB +�pCφC + φrec

= +πm− 3π
2

floor(m/2) + φrec

= 0

The receiver phase is therefore given by

φrec = −πm+ 3π
2

floor(m/2)

which leads to the following eight-step phase cycle:

Cycle counter m φ1 φ2 φ3 φrec

0 0 0 0 0

1 π 0 0 π

2 0 0 π/2 3π/2

3 π 0 π/2 π/2

4 0 0 π π

5 π 0 π 0

6 0 0 3π/2 π/2

7 π 0 3π/2 3π/2

A.11.15 Nested phase cycles II

The nesting algorithm may be extended to any number of phase cycling steps. Suppose, for example, that
a pulse sequence consists of four blocks, A, B, C and D, and that one wishes to select the steps in coherence
order at blocks A, B and D. A nested phase cycle is constructed in which block A is cycled in nA steps, block
B is cycled in nB steps, and block D is cycled in nD steps. The following algorithm does the trick:

φA = 2π
nA
m

φB = 2π
nB

floor(
m

nA
)

φC = 0

φD = 2π
nD

floor(
m

nAnB
)

Note how the floor functions always act on the cycle counter m divided by the total number of steps for
all previous levels. For example, the specification for φB contains floor(m/nA), while the specification for φD

contains floor(m/nAnB).
The total number of steps in such a nested phase cycle is n = nAnBnD.
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The following table shows how the nesting works for the case nA = 2, nB = 2 and nD = 4:

Cycle counter m floor(m/2) floor(m/4) φA φB φC φD

0 0 0 0 0 0 0

1 0 0 π 0 0 0

2 1 0 0 π 0 0

3 1 0 π π 0 0

4 0 1 0 0 0 π/2

5 0 1 π 0 0 π/2

6 1 1 0 π 0 π/2

7 1 1 π π 0 π/2

8 0 2 0 0 0 π

9 0 2 π 0 0 π

10 1 2 0 π 0 π

11 1 2 π π 0 π

12 0 3 0 0 0 3π/2

13 0 3 π 0 0 3π/2

14 1 3 0 π 0 3π/2

15 1 3 π π 0 3π/2

At each step, the receiver phase φrec may be calculated so as to give a total phase of zero for any one of the
desired signal pathways.

As an example, consider a more sophisticated version of the INADEQUATE phase cycle, in which the
first two pulses are cycled independently, as well as the last pulse:

Figure A.30
INADEQUATE pulse
sequence formulated as
four blocks.
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The pulse phases are related to the phases of the blocks through

φ1 = φA

φ2 = φB

φ3 = φC

φ4 = φD + π/2 (A.81)

The phase of the first block φA is cycled in nA = 2 steps (in order to select�pA = ±1); the phase of the second
block φB is cycled in nB = 4 steps (in order to select�pB = ±2); the phase of the fourth block φD is cycled in
nD = 4 steps (in order to select �pD = +1 and −3). The algorithm for the pulse phases is therefore

φA(m) = 2π
nA
m = πm

φB(m) = 2π
nB

floor(
m

nA
) = π

2
floor(

m

2
)

φC(m) = 0

φD(m) = 2π
nD

floor(
m

nAnB
) = π

2
floor(

m

8
) (A.82)

The total number of steps in this phase cycle is n = nAnBnD = 32.
For each step in the phase cycle, the receiver phase may be calculated using the total phase equation for

any one of desired pathways, e.g. 0 → +1 → −1 → −2 → −1, which has�pA = +1,�pB = −2,�pC = −1,
�pD = +1:

�path = �pAφA +�pBφB +�pCφC +�pDφD + φrec

= +πm− πfloor(
m

2
) + π

2
floor(

m

8
) + φrec

= 0

The algorithm for the receiver phase is therefore

φrec = −πm+ πfloor(
m

2
) − π

2
floor(

m

8
) (A.83)

The explicit 32-step phase cycle is shown in Table A.1.
Whenever possible, it is best to allow the computer software to calculate the phases using an algorithm

of the form given above, rather than by using laborious and error-prone phase tables. Unfortunately, pulse-
programming software on commercial NMR instruments does not yet facilitate a rational approach.
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Table A.1 A 32-step phase cycle for INADEQUATE.

Cycle counter m φA φB φC φD φrec

0 0 0 0 π/2 0
1 π 0 0 π/2 π

2 0 π/2 0 π/2 π

3 π π/2 0 π/2 0

4 0 π 0 π/2 0
5 π π 0 π/2 π

6 0 3π/2 0 π/2 π

7 π 3π/2 0 π/2 0

8 0 0 0 π 3π/2
9 π 0 0 π π/2
10 0 π/2 0 π π/2
11 π π/2 0 π 3π/2

12 0 π 0 π 3π/2
13 π π 0 π π/2
14 0 3π/2 0 π π/2
15 π 3π/2 0 π 3π/2

16 0 0 0 3π/2 π

17 π 0 0 3π/2 0
18 0 π/2 0 3π/2 0
19 π π/2 0 3π/2 π

20 0 π 0 3π/2 π

21 π π 0 3π/2 0
22 0 3π/2 0 3π/2 0
23 π 3π/2 0 3π/2 π

24 0 0 0 0 π/2
25 π 0 0 0 3π/2
26 0 π/2 0 0 3π/2
27 π π/2 0 0 π/2

28 0 π 0 0 π/2
29 π π 0 0 3π/2
30 0 3π/2 0 0 3π/2
31 π 3π/2 0 0 π/2

A.11.16 Different ways of constructing phase cycles

Nested phase cycling may readily be extended to any number of coherence order selection steps. How-
ever, the number of required phase-cycle increments increases very rapidly with the number of selec-
tion steps. The nested approach usually becomes impractical for more than four or five selection steps.
In certain cases, alternative strategies, such as cogwheel phase cycling, are far more economical with in-
strument time. The basic principle in cogwheel phase cycling is to advance all available phases at
the same time in a concerted manner, like a set of interlocking cogs. In some cases, cogwheel phase
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cycling is orders of magnitude more efficient than nested phase cycling. More details are given in
Further Reading.

The required number of phase-cycle steps may also be greatly reduced by combining phase cycling with
field gradient selection (see below).

A.12 Coherence Selection by Pulsed Field Gradients

Phase cycling requires numerous repetitions of an entire pulse sequence, with a different set of r.f. phases.
This is associated with several problems:

1. The repetition of near-identical experiments is very inefficient with respect to experimental time.

2. Phase cycling makes high demands on instrumental performance, since the degree of destructive inter-
ference between consecutive signal acquisitions depends on the instrumental stability.

3. Irreproducibility in the initial condition of the spin system, due to imperfect thermal equilibration
between transients, or temperature fluctuations, also degrades the performance of phase cycling.

Pulsed field gradients may be used to accomplish many of the same pathway selection tasks as phase
cycling, while avoiding many of these problems. In essence, the use of field gradient pulses allows the
different phase cycle steps to be performed in parallel in different parts of the sample volume, with a great
advantage of speed. In addition, undesired signals from unwanted coherence transfer pathways destruc-
tively interfere over the entire sample volume, i.e. during the signal induction process itself, and not in the
post-processing stage in the computer. The demands of instrumental reproducibility are therefore greatly
reduced.

Nevertheless, field gradient selection does have some restrictions and technical difficulties of its own.

A.12.1 Field gradient dephasing

Consider a time-dependent field gradient Gz(t) along the z-axis, applied to a homonuclear spin system
between time points ta and tb:

Figure A.31
A pulsed field gradient
pulse.

During the pulse, the magnetic field is supplemented by a spatially dependent field zGz(t), where z is the
spatial coordinate along the z-axis. The rotating-frame spin Hamiltonian during the field gradient pulse is
given by

Ĥ
0
(r, t) = Ĥint + ĤG(r, t) (A.84)

where

ĤG(r, t) = ωG(r, t)Îz

and the field-gradient-induced Larmor frequency shift is

ωG(r, t) = −γGz(t)z
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Crucially, the two terms in Equation A.84 commute, assuming the secular approximation for the internal
spin Hamiltonian. This allows the spin system propagator to be factored into two commuting terms:

Û(tb, ta) = Ûint(tb, ta)ÛG(tb, ta) (A.85)

where the propagator under the field gradient pulse is

ÛG(tb, ta) = R̂z(�G(r)) (A.86)

and the spatially dependent rotation angle is

�G(r) =
∫ tb

ta

ωG(r, t)dt (A.87)

Since the two terms in Equation A.85 commute, they may be considered independently. The propagator
Ûint under the internal Hamiltonian may, therefore, be ignored for the moment, since it acts in just the same
way as it does in the absence of the field gradient. One should simply remember that the internal spin
interactions continue to act during the entire interval τ.

As shown in Equation A.86, the field gradient pulse induces a spatially dependent rotation around the
z-axis, through the angle �G. The effect on a Hamiltonian eigenstate is as follows:

R̂z(�G(r))|r〉 = exp{iMr�G(r)}|r〉
where Mr is the total Zeeman quantum number of the state

Îz|r〉 = Mr|r〉
The effect of the field gradient pulse on a spin coherence ρrs is therefore

ρrs(tb) = ρrs(ta) exp{iprs�G(r)}
where prs is the coherence order. This shows that the phase of a coherence prs is rotated by the field-gradient
pulse, through the angle prs�G(r). The phase rotation angle of the coherence is therefore proportional to

1. the coherence order prs;

2. the amplitude of the gradient Gz, integrated over time (see Equation A.87);

3. the spatial coordinate z;

4. the gyromagnetic ratio γ .

After the field gradient pulse the phase of the coherence is given by

φrs(r) = 2πz
�rs

where �rs is given by

�rs = −2π
/(

prs

∫ tb

ta

γBz(t)dt
)

The phase of the coherence after the pulse, therefore, forms a helix with respect to the spatial coordinate z.
The wavelength of the helix is given by �rs:
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Figure A.32
Helix of phases for a
coherence ρrs after a
field gradient pulse.

The higher the coherence order prs, and the more powerful the gradient pulse, the shorter the wavelength
�rs.

If the wavelength �rs is small compared with the length of the sample along the z-axis, the coherence
ρrs dephases completely under the field gradient pulse. Any NMR signal that derives from this coherence
vanishes, when integrated over the sample volume.

A.12.2 Pathway phase

Consider, now, a pulse sequence segment in which two field gradient pulses of different lengths and
strengths bracket a pulse sequence block A. We follow a coherence transfer pathway involving order p1

before the pulse and p2 after the pulse:

Figure A.33
Two pulsed field
gradient pulses and a
pulse sequence block.

The phase for the pathway p1 → p2 is the equal to the accumulated phase for the two coherence orders:

�p1→p2 (r) = 2πz
�p1→p2

where the helix wavelength is given by

�p1→p2 = −2π
/(

p1

∫ tb1

ta1

γBz(t)dt + p2

∫ tb2

ta2

γBz(t)dt
)

Here {ta1, tb1} and {ta2, tb2} are the start and end time points of the two field gradient pulses.
As before, if the helix wavelength�p1→p2 is small compared with the sample length, all signals deriving

from the pathway p1 → p2 vanish when integrated over the sample volume.
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A.12.3 Coherence transfer echoes

The wavelength of the phase helix for any coherence transfer pathway may be adjusted by varying the field
gradient strengths or time profiles. If the wavelength �p1→p2 becomes larger than the sample dimensions,
then the defocusing effect is reversed and a coherence transfer echo is formed.

For example, suppose that the two field gradient pulses have an equal integral over time:∫ tb1

ta1

Bz(t)dt =
∫ tb2

ta2

Bz(t) dt

In this case, a coherence transfer echo is formed for pathways with the relationship

p1 = −p2

This condition includes the ordinary Hahn echo ((+1) → (−1)).
Consider the case where the field gradient pulses are instead adjusted so that the first one has twice the

integral of the second one: ∫ tb1

ta1

Bz(t)dt = 2
∫ tb2

ta2

Bz(t) dt

The coherence transfer echo is formed under the following condition:

p2 = −2p1

The echo pathways now involve double-quantum coherences, e.g. (+1) → (−2) and (−1) → (+2).

A.12.4 Pathway selection

Signals from individual coherence transfer pathways may therefore be selected by adjusting the strengths
and time profiles of the field gradient pulses so as to form a coherence transfer echo for the desired pathway,
while winding tight phase helices for the undesired pathways. If the helix winding is sufficiently tight, then
the signals from all unwanted pathways average to zero over the sample volume, leaving only the echo
signal from the desired pathway. All of this may be achieved in a single transient.

It is often difficult to engineer the selection of more than one coherence transfer pathway at the same time
using pulsed field gradients. Since at least two pathways are often required in, for example, pure-absorption
two-dimensional experiments, it is common to combine field gradient selection with a short phase cycle.

If two or more pathways are required to generate the NMR signal, then the experiment must often be
repeated with a different field gradient scheme in order to acquire the signals from complementary pathways
independently. In such cases, field gradients lead to a loss in signal-to-noise, since some desirable signal is
inevitably destroyed in each experiment.

A.12.5 Heteronuclear coherence transfer echoes

When pulsed field gradients are used for coherence transfer pathway selection in heteronuclear systems, one
must take into account the different gyromagnetic ratios for the two species. Consider, for example, the case
where an echo is formed by transferring coherences of order pI of a spin species I to coherences of order
pS of a different spin species S. The condition for the formation of the echo in this case is as follows:

γIpI

∫ tb1

ta1

Bz(t) dt + γSpS

∫ tb2

ta2

Bz(t) dt = 0
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For example, a (−1)-quantum coherence 1H coherence forms an echo with a (+1)-quantum coherence 13C
coherence if the gradient pulse under which the 13C coherence evolves has roughly four times the integral
of the 1H gradient pulse.

A.13 Bloch Equations

The isolated spins-1/2 ensemble may be treated using the magnetization vector, as described in Section 11.5.
The motion of the magnetization vector during short strong r.f. pulses is described in Section 11.6, and the
motion of the magnetization vector during intervals between pulses is described in Section 11.9. Relaxation
and the resonance offset are taken into account between pulses, but not during the pulses.

If a pulse is weak or long then these results are not applicable, since off-resonance effects and relaxation
are significant in this case. The Bloch equations provide a general framework for treating the simultaneous
effects of relaxation, r.f. fields, and resonance offset for the isolated spin-1/2 ensemble.

The Bloch equations are a set of three coupled differential equations for the components of the magneti-
zation vector. They may be written as follows:

d
dt


Mx

My

Mz

 =


0 −�0 ωnut sin φ

�0 0 −ωnut cosφ

−ωnut sin φ ωnut cosφ 0



Mx

My

Mz

 −


T2

−1Mx

T2
−1My

T1
−1(Mz − 1)

 (A.88)

where �0 is the resonance offset, ωnut is the nutation frequency of the pulse, and φ is the phase of the r.f.
field. Equation A.88 employs the definition of the magnetization vector given in Section 11.5, so that the
thermal equilibrium value of the z-magnetization is Mz = 1.

It is readily shown that Equation A.88 leads to the behaviour described in Section 11.6, if the resonance
offset �0 and the relaxation rate constants T1

−1 and T2
−1 are all set to zero. Equation A.88 also leads to the

behaviour described in Section 11.9, if the nutation frequency ωnut is set to zero.
The Bloch equations are also capable of treating the complicated dynamics of spins that experience r.f.

fields and relaxation at the same time. For example, suppose that an on-resonance r.f. field is applied for a
very long time. What is the final value of the transverse magnetization?

The problem is complicated, because there are conflicting forces that create and destroy transverse mag-
netization. Transverse relaxation continually destroys transverse magnetization; so, at long times, one may
expect that the transverse magnetization should be zero. However, at the same time, spin–lattice relaxation
continously generates longitudinal magnetization, which is rotated into the transverse plane by the r.f. field.
At a sufficiently long time, the system settles down into a steady state, under which these two tendencies are
balanced.

The Bloch equations allow the steady-state value of the transverse magnetization to be predicted easily.
If the phase φ and resonance offset �0 are both equal to zero, then the equations for the time derivatives of
the magnetization components My and Mz are

d
dt
My = −T2

−1My − ωnutMz

d
dt
Mz = ωnutMy − T1

−1(Mz − 1)

In the steady state, both time derivatives vanish, which allows one to solve for the two magnetization
components:
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My(steady state) = − T2ωnut

1 + T1T2ω
2
nut

Mz(steady state) = 1
1 + T1T2ω

2
nut

(A.89)

This shows that steady-state magnetization can exist, as long as T2 is not too short and the nutation frequency
ωnut is not too large. However, if the nutation frequency ωnut is strong compared with the relaxation rate
constants, then the spin magnetization is destroyed in the steady state. This is called saturation.

Before 1966, most chemical applications of NMR were performed using continuous-wave spectrometers,
which relied on the detection of the steady-state transverse magnetization, as a function of the static magnetic
field. The Bloch equations lost their central place in NMR theory when the continuous-wave method was
displaced by the Fourier transform technique, which is much more versatile and sensitive.

A.14 Chemical Exchange

In this appendix, I discuss the theory of spin dynamics in the presence of symmetrical two-site exchange,
as used for the calculation of lineshapes in Section 19.5 and for the calculation of the two-dimensional
exchange spectrum in Section 19.7.

Consider a symmetrical two-site exchange of the form:

A

k

�
k

B

where the species A and B have equal probability. The rate constants k are equal to the transition probability
per unit time between the two species, and are the same for the forward and backward reaction.

The definition of the spin density operator, as given in Section 11.1, is

ρ̂ = |ψ〉〈ψ|
where the overbar indicates the average over all spin systems in the sample. If the sample contains NA

molecules of type A and NB molecules of type B, then the density operator may be written as

ρ̂ = NA

N
ρ̂A + NB

N
ρ̂B

where the total number of molecules is N = NA + NB. The density operator of spins in molecules A is given
by

ρ̂A = |ψ〉〈ψ|A

where the overbar indicates averaging over all molecules of type A. Similarly, the density operator of spins
in molecules B is given by

ρ̂B = |ψ〉〈ψ|B

where the overbar indicates averaging over all molecules of type B.
In the case of isolated spins-1/2, each density operator term may be written in terms of two populations

and two coherences, which are defined in the usual way:

ρA
α = 〈α|ψ〉〈ψ|α〉A

ρA
+ = 〈α|ψ〉〈ψ|β〉A
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ρB
− = 〈β|ψ〉〈ψ|α〉B

and so on.
We need to develop a dynamic equation for the four populations and four coherences, under the influence

of the spin Hamiltonian, as well as the chemical exchange process. The behaviour of the spins under the
spin Hamiltonian is called coherent dynamics, since the spin Hamiltonian is the same for all molecules of a
certain type. The exchange behaviour is termed incoherent dynamics, since the precise instant at which each
molecule changes state is unpredictable.

A.14.1 The incoherent dynamics

Consider first only the exchange process, omitting the magnetic fields and other interactions. Consider the
term ρA

α , which represents the population of state |α〉, averaging over the NA molecules that are in state A.
Imagine the fate of this population during a small interval of time dt .

On average, kNAdt molecules change state from A to B in an interval dt , carrying their spins with them.
The contribution to ρA

α from these spins will therefore be lost. However, at the same time, the population
ρA
α receives an influx from the kNBdt spins that change their state in the opposite direction, from B to A.

These spins carry their population ρB
α with them.

If one assumes that the spin states do not change under the exchange process (which is a good approxi-
mation if the jumps are very fast), then the equation of motion for the population ρA

α , taking into account
only the exchange process, is

d
dt
ρA
α = −kρA

α + kρB
α (exchange only)

Similarly, the equation of motion for ρB
α , taking into account only the exchange process, is

d
dt
ρB
α = −kρB

α + kρA
α (exchange only)

These equations may be combined to obtain

d
dt

(
ρA
α

ρB
α

)
=

(−k +k
+k −k

)(
ρA
α

ρB
α

)
(exchange only)

An equivalent equation is obtained for each component of the density operator. For example, for the (−1)-
quantum coherences we get

d
dt

ρA
−

ρB
−

 =
(−k +k

+k −k

)ρA
−

ρB
−

 (exchange only) (A.90)

These equations assume that the chemical exchange is a Markow process, implying that the probability of a
jump during a small interval dt is independent of the previous history of the molecule. In practice, this is
a good approximation for chemical reactions.

A.14.2 The coherent dynamics

The spins also evolve under their spin interactions. For example, if exchange were absent, then the rotating-
frame (−1)-quantum coherences of spins in molecules of type A evolve according to

ρA
− (tb) = ρA

− (ta) exp{(i�0
A − λ)τ} (no exchange)
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where τ is the interval between time points ta and tb, and λ is the natural decay rate constant. This equation
may be differentiated to obtain

d
dt
ρA

− = (i�0
A − λ)ρA

− (no exchange)

The analogous equation for the (−1)-quantum coherences of spins in molecules of type B is

d
dt
ρB

− = (i�0
B − λ)ρB

− (no exchange)

These equations may be combined to give

d
dt

ρA
−

ρB
−

 =
(

i�0
A − λ 0

0 i�0
B − λ

)ρA
−

ρB
−

 (no exchange)

(A.91)

A.14.3 The spectrum

In practice, exchange and coherent evolution takes place at the same time. This may be taken into account
by simply adding Equations A.90 and A.91 together. We get

d
dt

ρA
−

ρB
−

 = L −

ρA
−

ρB
−

 (A.92)

where the matrix L − is equal to

L − =
(

i�0
A − λ− k +k

+k i�0
B − λ− k

)
In order to calculate the NMR spectrum, we need to figure out how the (−1)-quantum coherences evolve

in time. This is easily done by integrating Equation A.92:ρA
− (t)

ρB
− (t)

 = V − (t)

ρA
− (0)

ρB
− (0)


where the propagator V − is given by

V − (t) = exp{L − t}
As shown in Section 6.5.82 the exponential may be written as follows:

exp{L − t} = X − exp{D − t}X − −1

where X − is a matrix whose columns are given by the eigenvectors of L − , X − −1 is the inverse of X − ,
and D − is a diagonal matrix with diagonal elements equal to the eigenvalues of L − . Evaluation of the
eigenvalues and eigenvectors gives the following formulae:

D − =
(
d1 0

0 d2

)
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X − =
(−i(2R+��) i(2R−��)

2k 2k

)

X − −1 = 1
8Rk

(
2ik 2R−��

−2ik 2R+��

)
where

�� = �0
A −�0

B

R =
√

(��/2)2 − k2

and the two eigenvalues are

d1 = �− iR− k − λ

d2 = �+ iR− k − λ

Here, � is defined in Equation 19.5 as

� = 1
2

(�0
A +�0

B)

The complex quantity R is related to the real quantity R defined in Equation 19.5 as follows:

R = R if k < ��/2

R = iR if k ≥ ��/2

Since D − is diagonal, the exponential is given by (see Section 6.5)

exp{D − t} =
(

exp{d1t} 0

0 exp{d2t}

)
If the (−1)-quantum coherences are excited by a (π/2)x pulse, then the initial coherences areρA

− (0)

ρB
− (0)

 = 1
4i

(
1

1

)

The (−1)-quantum part of the spin density operator at time t is thereforeρA
− (t)

ρB
− (t)

 = 1
4i

X − exp{D − t}X − −1 ·
(

1

1

)

The quadrature NMR signal is proportional to the amplitude of the (−1)-quantum coherences, multiplied
by 2i (ignoring the receiver and digitizer phase). The time-domain signal may therefore be written as

s(t) = ( 2i , 2i ) ·
ρA

− (t)

ρB
− (t)


= 1

2
( 1 , 1 ) · X − exp{D − t}X − −1 ·

(
1

1

)
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Since D − has two eigenvalues, the signal is given by the sum of two exponential decays, and has the form

s(t) = 1
2

(1 + ik
R

) exp{d1t} + 1
2

(1 − ik
R

) exp{d2t}

FT of the signal gives two Lorentzians, as in Equations 19.4 and 19.6.

A.14.4 Longitudinal magnetization exchange

The calculation of longitudinal magnetization exchange must take into account the transitions between state
|α〉 and state |β〉 through spin–lattice relaxation processes, as well as the chemical exchange of molecules.

For example, the population ρA
α is converted into ρA

β
according to the spin–lattice transition probability

W (see Section 20.3.6), and is also converted into ρB
α by the chemical exchange. A suitable dynamic equation

for the two pairs of populations is therefore

d
dt



ρA
α

ρA
β

ρB
α

ρB
β

 = Lpop



ρA
α

ρA
β

ρB
α

ρB
β


where

Lpop =


−W − k W k 0

W −W − k 0 k

k 0 −W − k W

0 k W −W − k


This equation neglects the asymmetry in the upwards and downwards transition probabilities (see Section
20.3.6), and assumes that the spin–lattice relaxation rate constants are the same in the two types of molecule.
Since this equation neglects the difference in the upwards and downwards transition probabilities, it does
not lead to the correct thermal equilibrium magnetization, but this defect is of no account when applied
to the mixing interval of a two-dimensional exchange experiment. The phase cycling anyway removes the
signal contribution from the magnetization that has been thermally equilibrated during τm.

The z-magnetization components are proportional to the difference in the populations of the |α〉 and |β〉
states:

〈Îz〉A ∼ ρA
α − ρA

β

〈Îz〉B ∼ ρB
α − ρB

β

The differential equation for the Zeeman components is therefore

d
dt

( 〈Îz〉A

〈Îz〉B

)
= Lz

( 〈Îz〉A

〈Îz〉B

)
(A.93)
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where

Lz =
(−2W − k k

k −2W − k

)

The relevant eigenvalue and eigenvector matrices in this case are

Dz =
(
d1 0

0 d2

)

Xz =
(−1 1

1 1

)

Xz−1 = 1
2

(−1 1

1 1

)

where the two eigenvalues are

d1 = −2k − 2W = −2k − T1
−1

d2 = −2W = −T1
−1

The amplitude for Zeeman magnetization transfer from molecules A to molecules B is therefore given by

aA→B(τm) = ( 0 , 1 ) · Xz exp{Dzτm}Xz−1 ·
(

1

0

)

which evaluates to

aA→B(τm) = sinh(kτm) exp{−(k + T1
−1)τm}

Similarly, the amplitude for Zeeman magnetization to remain on the molecules A is

aA→A(τm) = ( 1 , 0 ) · Xz exp{Dzτm}Xz−1 ·
(

1

0

)

which evaluates to

aA→A(τm) = cosh(kτm) exp{−(k + T1
−1)τm}

The amplitudes of the diagonal peaks in a two-site two-dimensional exchange spectrum are therefore

adiag = aA→A = aB→B = cosh(kτm) exp{−(k + T1
−1)τm} (A.94)

The amplitudes of the cross-peaks are

across = aA→B = aB→A = sinh(kτm) exp{−(k + T1
−1)τm} (A.95)

as in Equation 19.7.
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A.15 Solomon Equations

The relaxation equations for the populations in an ensemble of homonuclear two-spin systems may be cast
in the following form:

d
dt
P =WPP

where the population vector is

P =



ρ αα

ρ αβ

ρ βα

ρ ββ


and the kinetic matrix for the populations is

WP =

(−W α− −W −α −W −− ) W α+ W +α W ++

W α− (−W α+ −W −+ −W −β ) W +− W +β

W −α W −+ (−W +α −W +− −W β− ) W β+

W −− W −β W β− (−W ++ −W +β −W β+ )


The diagonal elements ensure that the sum of all populations remains constant. The transition probabilities
W α− , W −α . . . are given in Equation 20.10.

In order to define the state of the ensemble in terms of product operators, introduce the Zeeman order
vector:

Z =


〈1̂〉

〈Î1z〉
〈Î2z〉

〈2Î1zÎ2z〉


The vector of populations may be transformed into the Zeeman order vector as follows:

Z = TZPP

where the transformation matrix is

TZP = 1
2


1 1 1 1

1 1 −1 −1

1 −1 1 −1

1 −1 −1 1


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The kinetic matrix may be transformed between the two bases using

WZ = TZPWPTPZ

where

TPZ = TZP
−1 = TZP

The result is

WZ =


0 0 0 0

B(W1 +W2) −(W0 + 2W1 +W2) W0 −W2 BW2

B(W1 +W2) W0 −W2 −(W0 + 2W1 +W2) BW2

0 BW1 BW1 −4W1


(A.96)

The equation of motion of the Zeeman order vector Z is therefore

d
dt
Z =WZZ (A.97)

The thermal equilibrium value of the Zeeman order vector is defined by

d
dt
Zeq =WZZeq = 0

and is given by

Zeq ∼=



1

1
2
B

1
2
B

0


(A.98)

to first order in the Boltzmann factor B, which is very small. Hence, Equation A.97 may be written as:

d
dt

(Z− Zeq) =WZ(Z− Zeq) (A.99)

Since the difference vector Z− Zeq has elements that are only of the order of the Boltzmann factor B, it is
possible to drop elements of the order B in the kinetic matrixWZ, in order to obtain results that are accurate
to first order in the Boltzmann factor. The expression Equation A.96, therefore, may be replaced by

WZ ∼=


0 0 0 0

0 −(W0 + 2W1 +W2) W0 −W2 0

0 W0 −W2 −(W0 + 2W1 +W2) 0

0 0 0 −4W1


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providing the matrix WZ is used in the context of Equation A.99. The block-diagonal form of this matrix
allows the central two rows and columns to be extracted, giving

d
dt

( 〈Î1z〉
〈Î2z〉

)
=

(−Rauto Rcross

Rcross −Rauto

)( 〈Î1z〉 − 〈Î1z〉eq

〈Î2z〉 − 〈Î2z〉eq

)

which are the Solomon equations, with

Rauto = W0 + 2W1 +W2

Rcross = W0 −W2

as used in the text.
The treatment given here is readily generalized by allowing pairs of transition probabilities such asW −α

andW −β to be different, in order to take into account cross-correlation effects (see Section 20.8). This leads to

the generalized Solomon equations, in which the two-spin order 〈2Î1zÎ2z〉 participates in the dynamic equations
together with the one-spin orders 〈Î1z〉 and 〈Î2z〉 (see Further Reading).

A.16 Cross-Relaxation Dynamics

The equation of motion for the magnetization exchange between spins I1 and I2 under the mixing interval of
a NOESY experiment is given by the simplified Solomon equations (Equation 20.30), in which the thermal
equilibrium terms are dropped:

d
dt

( 〈Î1z〉
〈Î2z〉

)
= LSolomon

( 〈Î1z〉
〈Î2z〉

)

where

LSolomon =
(−Rauto Rcross

Rcross −Rauto

)

and the auto- and cross-relaxation rate constants are given in Equations 20.16 and 20.17. The situation is
precisely analogous to that holding under two-site chemical exchange (Equation A.93), if one makes the
following substitutions:

〈Îz〉A ⇒ 〈Î1z〉 〈Îz〉B ⇒ 〈Î2z〉
2W = T1

−1 ⇒ Rauto − Rcross k ⇒ Rcross

The amplitudes for the magnetization transfer processes may therefore be obtained by making the appro-
priate substitutions in Equations A.94 and A.95:

a1→1(τm) = a2→2(τm) = cosh(Rcrossτm) exp{−Rautoτm}
a1→2(τm) = a2→1(τm) = sinh(Rcrossτm) exp{−Rautoτm} (A.100)

This result is used in Equations 20.34 and 20.42.
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Notes

1. For a different proof of Equation A.9, see C. P. Slichter Principles of Magnetic Resonance, 3rd edition,
Springer, Berlin, 1989.

2. See, for example, G. Strang, Linear Algebra and its Applications, 3rd edition, Harcourt Brace Jovanovich,
San Diego, 1988.

3. For a system of N spins-1/2, the operator for a rotation through the angle 2π is given by

R̂x(2π) = (−1)N 1̂

The factor of (−1)N is usually irrelevant, since propagators always act on the spin density operator in
pairs (e.g. see Equation 11.27). The product of two R̂x(2π) propagators is always equal to unity.

4. The coherence transfer pathway technique was described almost simultaneously by A. D. Bain, J. Magn.
Reson. 56, 418–427 (1984) and G. Bodenhausen, H. Kogler and R. R. Ernst, J. Magn. Reson. 58, 370–388
(1984).

5. See N. Ivchenko, C. E. Hughes and M. H. Levitt, J. Magn. Reson. 160, 52–58 (2003).

Further Reading

� For a full discussion of the quadrupolar Hamiltonian, see A. Jerschow, Prog. NMR Spectrosc. 46, 63–78
(2005).

� For more on the selection of coherence transfer pathways by phase cycling and pulsed field gradients,
see J. Keeler, Understanding NMR Spectroscopy, Wiley, Chichester, 2005.

� For cogwheel phase cycling, see: M. H. Levitt, P. K. Madhu and C. E. Hughes, J. Magn. Reson. 155, 300–306
(2002); A. Jerschow and R. Kumar, J. Magn. Reson. 160, 59–64 (2003) and N. Ivchenko, C. E. Hughes and
M. H. Levitt, J. Magn. Reson. 164, 286–293 (2003); G. Zuckerstätter and N. Müller, Concepts in Magn. Reson.,
30A, 81–99 (2007).

� For the selection of coherence transfer pathways by pulsed field gradients, see R. E. Hurd, in Encyclopedia
of Nuclear Magnetic Resonance, D. M. Grant and R. K. Harris (eds) Wiley, 1996, vol. 3, p. 1990, and A.
Jerschow and N. Müller, J. Magn. Reson., 134, 17–29 (1998).

� For the generalized Solomon equations, including cross-correlated relaxation, see C. Dalvit and
G. Bodenhausen, Adv. Magn. Reson., 14, 1 (1990).

� For more theory of NMR in chemically exchanging systems, see A. D. Bain, Prog. NMR Spectrosc. 43,
63–103 (2003).
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0̂ null operator
1̂ unity operator
1̂j, 1̂k unity operators for spins Ij and Ik
1̂1, 1̂2 . . . unity operators for spins I1, I2 . . .

©1 ,©2 ,©3 . . . time points in a pulse sequence
|1〉, |2〉 . . . energy eigenstates in a coupled spin system
a complex amplitude
a� complex amplitude of signal component s�
aj peak amplitudes for spins j
across amplitude of a cross-peak
adiag amplitude of a diagonal peak
a1→1, a1→2 . . . amplitudes for auto-relaxation and cross-relaxation processes in NOESY
aA→A, aA→B . . . amplitudes for magnetization transfer processes in two-site exchange
a −α , a −β . . . amplitudes of (−1)-quantum coherence signals, in an ensemble of spin-1/2

pairs
α −αα , α −αβ . . . amplitudes of signals from coherences ρ −αα , ρ −αβ . . . in an ensemble of

three-spin-1/2 systems
a pq amplitudes of signal from a coherence of quantum order p and satellite

order q in an ensemble of quadrupolar nuclei

ars amplitudes of signal from coherence ρrs
a[m] signal amplitude for the pulse sequence corresponding to phase cycle index

m

a
[m]
−β signal amplitude from coherence ρ −β , for phase cycle index m

aav
−β phase-cycled signal amplitude from coherence ρ −β

an eigenvalues of the operator Â
α an Euler angle
αBA last Euler angle used when transforming the reference axes of frame A into

those of frame B
αAB passive notation for αBA

|α〉 state of spin-1/2 with angular momentum of +1/2 along the z-axis
|αα〉, |αβ〉 . . . states of a spin-1/2 pair
|ααα〉, |ααβ〉 . . . spin states in an ensemble of three-spin-1/2 systems

Spin Dynamics: Basics of Nuclear Magnetic Resonance, Second Edition Malcolm H. Levitt
© 2008 John Wiley & Sons, Ltd
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A pre-exponential factor in Arrhenius equation
AB strongly coupled two-spin-1/2 system
AX weakly coupled two-spin-1/2 system
Â arbitrary operator
Â† adjoint of operator Â
Â−1 inverse of operator Â
ÂN Nth power of operator Â
Âφ propagator for a pulse sequence element A with phase φ
A an arbitrary matrix
A absorption Lorentzian function
bjk dipole–dipole coupling constant between spins Ij and Ik
bIS dipole–dipole coupling constant between spins I and S
B rotational constant
B0 magnitude of static (main) magnetic field
Bx, By, Bz Cartesian components of the magnetic field
BRF magnitude of r.f. magnetic field
BRF peak value of the r.f. magnetic field
Binduced
j,x , Binduced

j,y , Binduced
j,z Cartesian components of the induced magnetic field at the site of spin Ij

B magnetic field
B0 static field vector
Btot total magnetic field
Binduced
j induced magnetic field at the site of spin Ij

Bloc
j local magnetic field at the site of spin Ij

BRF r.f. field vector
BRF

non res non-resonant component of the r.f. field vector
BRF

res resonant component of the r.f. field vector
Bgrad
x gradient field, corresponding to a variation of field along the z-axis with

respect to the x-coordinate
Bgrad
y gradient field, corresponding to a variation of field along the z-axis with

respect to the y-coordinate
Bgrad
z gradient field, corresponding to a variation of field along the z-axis with

respect to the z-coordinate
B̂ arbitrary operator
B̂0 secular part of the operator B̂
B Boltzmann factor
BI ,BS Boltzmann factors for spin species I and S
β an Euler angle
βBA second Euler angle used when transforming the reference axes of frame A

into those of frame B
βAB passive notation for βBA

βp flip angle of r.f. pulse
βC

p central transition flip angle(
βp
)
φp

r.f. pulse with flip angle βp and phase φp(
βp
)
x

r.f. pulse with flip angle βp and phase φp = 0(
βp
)
x

r.f. pulse with flip angle βp and phase φp = π(
βp
)
y

r.f. pulse with flip angle βp and phase φp = π/2(
βp
)
y

r.f. pulse with flip angle βp and phase φp = 3π/2
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|β〉 state of spin-1/2 with angular momentum of −1/2 along the z-axis
cosh hyperbolic cosine cosh x = 1

2 (ex + e−x)
COSY COrrelation SpectroscopY, a simple form of two-dimensional spectroscopy

useful for mapping coherence transfer processes and assigning peaks
cr superposition coefficient of state |r〉
cα, cβ superposition coefficients for one spin-1/2
cαα, cαβ . . . superposition coefficients for a spin-1/2 pair
CM value of matching capacitor
CT value of tuning capacitor
CQ quadrupolar coupling
Ĉ arbitrary operator
C electric charge density
C

(0),C(1) . . . multipole components of the nuclear electric charge density
Da Dalton, a unit of molecular mass; the mass of one 12C atom is 12 Da
dIS secular dipole–dipole coupling between spins I and S
djk secular dipole–dipole coupling between spins Ij and Ik
Dx diffusion coefficient in the x-direction
D̂x operator for the first derivative with respect to x
D̂2
x operator for the second derivative with respect to x

D dispersion Lorentzian function
D a diagonal matrix
D − diagonal matrix with elements given by the eigenvalues of L −
Dz diagonal matrix with elements given by the eigenvalues of Lz
δmn Kronecker delta: δmn = 0 for m �= n; δmn = 1 for m = n

δ chemical shift (dimensionless)
δ1, δ2 . . . isotropic chemical shifts of spins I1, I2 . . .

δiso
j isotropic chemical shift of spin Ij
δaniso
j chemical shift anisotropy of spin Ij
δref equivalent chemical shift of the spectrometer reference frequency
δjxx, δ

j
xy . . . components of the chemical shift tensor of spin Ij

δ
j
XX, δ

j
YY , δ

j
ZZ principal values of the chemical shift tensor of spin Ij

δj chemical shift tensor of spin Ij
e electric charge of the proton; e = 1.602 × 10−19 C
eq largest principal value of the electric field gradient tensor
e Euler’s number, e = 2.71828 . . .
exp{Â} exponential of operator Â
EJ energy of a rotational state with quantum number J
En energy level (=Hamiltonian eigenvalue)
Eact activation energy in Arrhenius equation
Eelec electric interaction energy
E

(0)
elec, E

(1)
elec . . . multipole components of the electric interaction energy

ex, ey, ez unit vectors along three orthogonal axes
e′
x, e′

y, e′
z rotating frame axes

eA
x , eA

y , eA
z orthogonal axis system of reference frame A

eB
x , eB

y , eB
z orthogonal axis system of reference frame B

ejk unit vector parallel to the vector between spins Ij and Ik
E electric field
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εNOE nuclear Overhauser enhancement factor, defined as the ratio between the
enhanced and the non-enhanced magnetization

FID free induction decay = NMR signal
floor floor function; floor(x) returns the largest integer that is not greater than x
f vector representation of function f (x)
f1, f2 . . . coefficients of the expansion of f (x) in the basis of functions ψn(x)
|f 〉 Dirac notation for the function f (x)
φ r.f. phase
φp phase of an r.f. pulse
φ1, φ2 . . . phases of r.f. pulses
φA, φB . . . phases of pulse sequence blocks A,B. . .
φrec combined phase shift of NMR signal, including receiver phase shift and

post-digitization phase shift
φdig phase shift of digitized NMR signal
φ� phase of signal component s�
φref angle of the rotating frame at time t = 0
φ − phase of the coherence ρ −
φ(1) first-order part of the frequency dependence of the peak phase
φ(0) zero-order part of the frequency dependence of the peak phase
φ

(1)
corr first-order phase correction parameter
φ

(0)
corr zero-order phase correction parameter

 rotation angle of rotating frame

G rotation angle induced by gradient pulse

path total pathway phase
G gauss, an old unit of magnetic field (non-SI); 1 G = 10−4 T
Gx magnitude of the gradient in the z-component of the field with respect to

the x-axis
Gy magnitude of the gradient in the z-component of the field with respect to

the y-axis
Gz magnitude of the gradient in the z-component of the field with respect to

the z-axis
Gmax maximum gradient strength
G(τ) autocorrelation function of a random process
Gm(τ) autocorrelation function of a second-rank spherical harmonic
γ gyromagnetic ratio; also, an Euler angle
γj, γk . . . gyromagnetic ratios of nuclei Ij, Ik . . .
γI, γS gyromagnetic ratios of two different isotopes
γBA first Euler angle used when transforming the reference axes of frame A into

those of frame B
γAB passive notation for γBA

h Planck’s constant; h = 6.626 × 10−34 J s
� Planck’s constant divided by 2π; � = 1.055 × 10−34 J s
Hz hertz, cycles per second (unit of frequency)
Ĥ Hamiltonian operator, in SI units
H matrix representation of a Hamiltonian
Ĥ Hamiltonian operator (in natural units)

Ĥ
0

secular spin Hamiltonian

Ĥ
DD

secular dipole–dipole interaction (for all spin pairs)
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Ĥ
DD,full

full form of the dipole–dipole interaction (for all spin pairs)
Ĥext external spin Hamiltonian
Ĥfull complete Hamiltonian operator of the sample
Ĥgrad Hamiltonian for the interaction with the gradient field
Ĥint internal spin Hamiltonian

Ĥ
iso
int isotropic part of a secular spin interaction Ĥ

0
int

Ĥ
0
int secular part of internal spin Hamiltonian Ĥint

Ĥ
0

int motionally averaged secular Hamiltonian

Ĥ
CS
j chemical shift interaction of spin Ij

Ĥ
CS,iso
j isotropic chemical shift interaction of spin Ij

Ĥ
elec
j electric part of the Hamiltonian for spin Ij

Ĥ
DD
jk secular dipole–dipole interaction between spins Ij and Ik

Ĥ
DD,full
jk full form of the dipole–dipole interaction between spins Ij and Ik

Ĥ
iso
jk isotropic J-coupling interaction between spins Ij and Ik

Ĥ
J
jk secular J-coupling interaction between spins Ij and Ik

Ĥ
J,full
jk full form of the J-coupling interaction between spins Ij and Ik

Ĥ
mag
j magnetic part of the Hamiltonian for spin Ij

Ĥ
Q
j electric quadrupole interaction of nucleus Ij

Ĥ
RF
j r.f. spin Hamiltonian for nucleus Ij

Ĥ
strong
J J-coupling Hamiltonian in the strongly coupled limit

Ĥ
weak
J J-coupling Hamiltonian in the weakly coupled limit

ĤRF r.f. part of external spin Hamiltonian

Ĥ
(1)
Q first-order quadrupolar Hamiltonian

Ĥ
(2)
Q second-order quadrupolar Hamiltonian

Ĥstatic static part of external spin Hamiltonian

Ĥ
0
12 secular Hamiltonian for the coupling between spins I1 and I2

Ĥ
0′

secular spin Hamiltonian with the opposite sign of the chemical shift terms
ˆ̃

H0 secular spin Hamiltonian, in the rotating frame

Ĥ
0
weak weakly coupled form of the secular spin Hamiltonian

Ĥ
0′
weak weakly coupled form of the secular spin Hamiltonian, with the opposite

sign of the chemical shift terms

Ĥ
0
1, Ĥ

0
2 . . . secular Hamiltonians for spins I1, I2 . . .

η old definition of the NOE enhancement factor. η = 1 indicates a doubling
of the signal (see εNOE)

ηj biaxiality (asymmetry parameter) of chemical shift tensor of spin Ij
ηQ biaxiality (asymmetry parameter) of electric field gradient tensor
i square root of −1
Im imaginary part of a complex number
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INADEQUATE Incredible Natural Abundance DoublE QUAnTum Experiment, a pulse se-
quence that selects peaks passing through double-quantum coherences,
suppressing isolated spin signals

INEPT Insensitive Nuclei Enhanced by Polarization Transfer, a pulse sequence that
implements magnetization transfer from one spin species to another, using
the J-couplings

I nuclear spin quantum number; in addition, a nuclear spin species
Îx, Îy, Îz operators for the three components of nuclear spin angular momentum
Î+, Î− nuclear spin shift operators
Îα projection operator onto state |α〉 for a single spin-1/2
Îβ projection operator onto state |β〉 for a single spin-1/2
Î1x, Î1y, Î1z angular momentum operators for spin I1

Î2x, Î2y, Î2z angular momentum operators for spin I2

Îjx, Îjy, Îjz spin angular momentum operators of nucleus Ij
Îα1 , Î

α
2 . . . projection operators onto state |α〉 for spins I1, I2 . . .

Î
β

1 , Î
β

2 . . . projection operators onto state |β〉 for spins I1, I2 . . .

Îj vector operator for the spin angular momentum of nucleus Ij ,
Îj = Îjxex + Îjyey + Îjzez

Îj · Îk scalar product of angular momentum operators, equal to
ÎjxÎkx + ÎjyÎky + ÎjzÎkz

|I,M〉 state of spin-I nucleus with azimuthal quantum number M
I+ matrix representation of the operator Î+

j a spin index
J J-coupling (in hertz); in addition, angular momentum quantum number
J ′, J ′′ J-couplings
J1, J2, J3 total angular momentum quantum numbers
JCH J-coupling between 13C and 1H (units of hertz)
Jjk isotropic J-coupling between spins Ij and Ik
J12, J13 . . . J-couplings between spins I1 and I2, etc.
JIS heteronuclear J-coupling constant (in hertz)
1J one-bond J-coupling
2J two-bond J-coupling
3J three-bond J-coupling
Jjk J-coupling tensor between spins Ij and Ik
Jjkxx, J

jk
xy . . . components of the J-coupling tensor between spins Ij and Ik

J(ω) spectral density
J(ω) normalized spectral density
k a spin index; in addition, a kinetic rate constant
k′ a kinetic rate constant
kB Boltzmann constant = 1.381 × 10−23 J K−1

K equilibrium constant of an exchange process
K̂ kinetic energy operator
KAB cross-correlation function of two random processes
KCH,CH cross-correlation of the dipole–dipole interactions within two 13C–1H pairs
κ strength of a gradient pulse
� an index for signal components and for spectral peaks;in addition, orbital

angular momentum quantum number
l̂x, l̂y, l̂z angular momentum operators (in natural units)
l̂2 operator for the total square angular momentum (in natural units)
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l̂+, l̂− angular momentum shift operators
|�,m〉 angular momentum eigenstate with total square angular momentum

l(l+ 1)� and z-angular momentum m�

L inductance of coil
Ltot total angular momentum
L complex Lorentzian function
L − dynamic matrix for the evolution of (−1)-quantum coherences in a two-site

exchange problem
Lpop dynamic matrix for the evolution of populations in a two-site exchange

problem
LSolomon Solomon matrix for relaxation in a two-spin-1/2 system
Lz dynamic matrix for the evolution of Zeeman magnetizations in a two-site

exchange problem
λ decay rate constant of a coherence (or transverse magnetization); λ = T2

−1;
peakwidth at half-height = 2λ in units of radians per second

λ′ coherence decay rate constant in slow two-site exchange; sum of the natural
decay rate constant λ and the exchange rate constant k

λj linewidth parameter for spins j
λ� decay rate constant of signal component s�
λ

(1)
� width parameter of a two-dimensional peak in the �1 dimension
λ

(2)
� width parameter of a two-dimensional peak in the �2 dimension
λrs decay rate constant of coherence ρrs
�rs spatial wavelength of phase helix induced by gradient pulse, for coherence

ρrs
mod modulo function; mod(a, b) takes the remainder when a is divided by b
ms millisecond, 10−3 s
m an integer; in addition, mass of a particle
m

(r)
j azimuthal quantum number of spin Ij in the state |r〉

MJ azimuthal quantum number for a rotating object; MJ = −J,−J + 1 . . .+ J

Mr angular momentum of state |r〉 along z-axis
Ms angular momentum of state |s〉 along z-axis
MS azimuthal quantum number for a spin; MS = −S,−S + 1 . . .+ S

Mx,My,Mz components of the magnetization vector
Mnuc
x ,Mnuc

y ,Mnuc
z components of nuclear magnetization

Mnuc
eq equilibrium value of nuclear magnetization along z-axis

M magnetization vector
Meq equilibrium nuclear magnetization vector
m phase cycle counter, m = 0, 1 . . . n− 1
M transient counter,M = 0, 1 . . .N− 1
µ0 magnetic constant; µ0 = 4π × 10−7 H m−1. Often required for electromag-

netic equations in SI units
� magnetic moment
µinduced induced magnetic moment
�̂ operator for the magnetic moment vector
NOE nuclear Overhauser effect, the change in the magnetization of one nuclear

spin species when a second spin species is saturated. The original Over-
hauser effect involved nuclei and electrons in metals

NOESY Nuclear Overhauser SpectroscopY, a form of two-dimensional spectroscopy
in which the cross-peaks are generated by dipole–dipole cross-relaxation.
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nm nanometre, 10−9 m
ns nanosecond, 10−9 s
n an integer
nsample number of signal sampling points
N number of spins in a spin system; in addition, number of pulses; in addition,

an integer
N normalization constant
n total number of steps in a phase cycle
nA, nB . . . number of steps in the phase cycles for individual pulse sequence blocks

A, B. . .
N number of acquired transients
N number of members of the spin ensemble
NA,NB number of molecules of types A and B
NA Avogadro’s number, i.e. number of molecules in a mole of substance =

6.022 × 1023

ppm parts per million, 10−6

p coherence order
prs order of the coherence ρrs
�p change in coherence order
�pA,�pB . . . changes in coherence order over pulse sequence blocks A, B. . .
P probability
PI, PII . . . probabilities of isotopomers
P(qn) probability of observing the result qn
Pα→β probability of a spin-1/2 making a transition |α〉 → |β〉
p probability density function
p(�) d� probability of a molecule having an orientation in the range � to �+ d�
p an integer
P vector of populations in a two-spin-1/2 system
π mathematical constant, π = 3.1415 . . .
(π/2)x pulse of flip angle π/2 and phase φp = 0
(π/2)y pulse of flip angle π/2 and phase φp = π/2
(π/2)x pulse of flip angle π/2 and phase φp = π

(π/2)y pulse of flip angle π/2 and phase φp = 3π/2
πx pulse of flip angle π and phase φp = 0
πy pulse of flip angle π and phase φp = π/2
πx pulse of flip angle π and phase φp = π

πy pulse of flip angle π and phase φp = 3π/2
(π/2)Ix π/2 pulse applied to spin species I
(π/2)Sx π/2 pulse applied to spin species S
q largest principal value of the electric field gradient tensor, divided by e; also

satellite order
qn an eigenvalue of the operator Q̂
qrs satellite order of the coherence ρrs
Q electric quadrupole moment
Qmacro result of a macroscopic observation of the operator Q̂
Qαα,Qαβ . . . matrix elements of a spin-1/2 operator Q̂
Q̂ arbitrary operator
〈Q̂〉 expectation value of the operator Q̂
〈Q̂〉eq expectation value of the operator Q̂ in thermal equilibrium
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θ1, θ2 tilt angles of rotation axes for spins I1 and I2

θCH,CH angle between two 13C–1H internuclear vectors
θIS angle subtended by the molecular long axis and the vector between spins

I and S
θQ angle between the unique axis of an uniaxial electric field gradient tensor

and the static magnetic field
θRF angle between the r.f. and static magnetic fields
� molecular orientation
�magic the magic angle, �magic = arctan

√
2 = 54.7356◦

�IS angle subtended by the external field and the vector between spins I and S
�jk angle between the vector ejk and the magnetic field
r.f. radio-frequency
Re real part of a complex number
ROESY Rotating-frame nuclear Overhauser SpectroscopY, a form of two-

dimensional spectroscopy in which the cross-peaks are generated by trans-
verse cross-relaxation in the presence of an r.f. field

r spatial position, written as a three-dimensional vector
rjk distance between spins Ij and Ik
R,R expressions appearing in the theory of two-site exchange
R(α, β, γ) three-dimensional rotation matrix, written using Euler angles
Rj rotation matrix describing the orientation of the principal axis system of the

chemical shift tensor for spin Ij with respect to the static field
RQ rotation matrix describing the orientation of the principal axis system of the

electric field gradient tensor with respect to the static field
R
j
xX, R

j
xY . . . elements of the matrix Rj

Rauto auto-relaxation rate constant in Solomon equations
RT

auto transverse auto-relaxation rate constant
Rcross cross-relaxation rate constant in Solomon equations (with sign corrected)
RT

cross transverse cross-relaxation rate constant (with sign corrected)
Rsum relaxation rate constant for the sum magnetization
R̂x(β) operator for the rotation through the angle β about the rotating-frame

x-axis
R̂y(β) operator for the rotation through the angle β about the rotating-frame

y-axis
R̂z(β) operator for the rotation through the angle β about the z-axis
R̂φp

(
βp
)

operator for a rotation of one or more spins through the angle βp about the
axis e′

x cosφp + e′
y sin φp

R̂1x(β) operator for the rotation of spin I1 through the angle β about the rotating-
frame x-axis

R̂2z(β) operator for the rotation of spin I2 through the angle β about the z-axis
R̂1,φp

(
βp
)
, R̂2,φp

(
βp
)
. . . operators for rotations of individual spins I1, I2 . . . through the angle βp

about the axis e′
x cosφp + e′

y sin φp

ρrr population of state |r〉
ρrs coherence between states |r〉 and |s〉
ρ

eq
rr thermal equilibrium value of the population ρrr
ρ

eq
rs thermal equilibrium value of the coherence ρrs
ρ α , ρ β populations of states |α〉 and |β〉, in a spin-1/2 ensemble
ρ + , ρ − coherences in a spin-1/2 ensemble
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ρ
eq
α , ρ

eq
β

thermal equilibrium populations of states |α〉 and |β〉, in a spin-1/2 ensemble

ρ|+1〉 population of state |1,+1〉 in a spin-1 ensemble
ρ|0〉 population of state |1, 0〉 in a spin-1 ensemble
ρ|−1〉 population of state |1,−1〉 in a spin-1 ensemble
ρ|+3/2〉 population of state |I,+3/2〉 in an ensemble of half-integer spins I ≥ 3/2
ρ|+1/2〉 population of state |I,+1/2〉 in an ensemble of half-integer spins I ≥ 3/2
ρ|−1/2〉 population of state |I,−1/2〉 in an ensemble of half-integer spins I ≥ 3/2
ρ|−3/2〉 population of state |I,−3/2〉 in an ensemble of half-integer spins I ≥ 3/2
ρ pq coherence in an ensemble of quadrupolar nuclei, with coherence order p

and satellite order q
ρ −10

central transition (−1)-quantum coherence in an ensemble of half-integer
spins I ≥ 3/2

ρ αα , ρ α+ . . . populations and coherences for an ensemble of spin-1/2 pairs
ρ

eq
αα , ρ

eq
αβ
. . . thermal equilibrium populations in an ensemble of spin-1/2 pairs

ρ ααα , ρ αα+ . . . populations and coherences in an ensemble of three-spin-1/2 systems
ρ α−−α , ρ α−−β . . . (−2)-quantum coherences in an ensemble of four-spin systems
ρ −α+αβ . . . coherences in an ensemble of five-spin-1/2 systems
ρA
α , ρ

A
+ . . . populations and coherences for molecules of type A

ρB
α , ρ

B
+ . . . populations and coherences for molecules of type B

ρ
[m]
−β ©5 coherence ρ −β at time point ©5 , for the pulse sequence corresponding to

phase cycle index m
ρ̂ spin density operator
ρ̂eq thermal equilibrium spin density operator
ρ̂A, ρ̂B components of the spin density operator in a two-site exchange problem
ρ̂©1 , ρ̂©2 . . . spin density operator at time points ©1 ,©2 . . .

ρ̂cos©1
, ρ̂cos©2

. . . spin density operator at time points ©1 ,©2 . . . during the ‘cosine’ pulse se-

quence of a States data-acquisition scheme
ρ̂sin©1

, ρ̂sin©2
. . . spin density operator at time points ©1 ,©2 . . . during the ‘sine’ pulse se-

quence of a States data-acquisition scheme
ρ̂

[m]
©5

density operator at time point ©5 , for the pulse sequence corresponding to

phase cycle index m
ˆ̃ρ rotating-frame spin density operator
ρ̃ α , ρ̃ β spin-1/2 populations in the rotating frame
ρ̃ − , ρ̃ + spin-1/2 coherences in the rotating frame
s second (unit of time)
sinh hyperbolic sine, sinh x = 1

2 (ex − e−x)
s(t) complex NMR signal emerging from the digitizer
s(τ, t) signal matrix of an arrayed experiment with variation of the interval τ
s(t1, t2) two-dimensional signal surface
s(t1, t2, t3) three-dimensional signal surface
scos(t1, t2) cosine signal surface in the two-dimensional States procedure
ssin(t1, t2) sine signal surface in the two-dimensional States procedure
s�(t) signal component corresponding to one spectral peak in a one-dimensional

spectrum
s�(t1, t2) signal component corresponding to one spectral peak in a two-dimensional

spectrum
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sFID r.f. NMR signal emerging from the probe
sA, sB output signals of quadrature receiver
sNMR component of the digitized signal s(t) due to the nuclear spins
snoise component of the digitized signal s(t) due to noise
sguess guessed form of NMR signal
ssynth r.f. output signal of the synthesizer
spath signal component with a certain history of coherence orders
stot

path signal component with a certain history of coherence orders, summed over
all steps in a phase cycle

sA
rec, s

B
rec r.f. reference signals for the quadrature receiver

scos
A→A, s

cos
A→B . . . components of the cosine signal surface in a two-dimensional exchange

experiment
ssin

A→A, s
sin
A→B . . . components of the sine signal surface in a two-dimensional exchange ex-

periment
s −α → α− two-dimensional signal component for one coherence transfer process in a

COSY experiment
S a nuclear spin species
S(�) one-dimensional NMR spectrum
S(τ,�) NMR spectrum as a function of the variable interval τ
S(�1, �2) two-dimensional NMR spectrum
SStates(�1, �2) States two-dimensional spectrum
S(�1, �2, �3) three-dimensional NMR spectrum
S�(�) one peak in a one-dimensional NMR spectrum
S�(�1, �2) one peak in a two-dimensional NMR spectrum
SA→A, SA→B . . . components of a two-dimensional exchange spectrum
Ŝx, Ŝy . . . operators for the spin angular momentum components of spin S
Ŝ1x, Ŝ1y . . . operators for the spin angular momentum components of spin S1

Ŝ vector operator for the spin angular momentum,
Ŝ = Ŝxex + Ŝyey + Ŝzez

|S0〉 singlet state
σ old definition of the cross-relaxation rate constant in the Solomon equations

(see Rcross); in addition, chemical shielding factor (opposite in sign to the
chemical shift δ). Both meanings of σ are avoided in this book

σ̂ alternative notation for spin density operator ρ̂ (not used in this book)
σG shape factor for gradient pulse
σnoise mean-square noise∑′

j<k sum over spin pairs, excluding those that are magnetically equivalent
tanh hyperbolic tangent, where tanh x = sinh x/ cosh x
t a time point, and a time coordinate
ta, tb two time points
t1 incremented time interval in a two-dimensional experiment
t2 signal acquisition interval in a two-dimensional experiment
ton, toff time points at which a field is turned on and off
T tesla, unit of magnetic field
Tr trace of a matrix representation (sum of diagonal elements)
TOCSY TOtal Correlation SpectroscopY, a form of two-dimensional spectroscopy

generating cross-peaks for all spins belonging to the same spin system
TMS tetramethylsilane, Si(CH3)4

T absolute temperature in units of Kelvin
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T1 longitudinal relaxation time constant = spin–lattice relaxation time constant
T
j

1 spin–lattice relaxation time of spins Ij
T k1 spin–lattice relaxation time constant of spins Ik
TA

1 , T
B
1 spin–lattice relaxation time constants of spins in chemical species A and B

T1ρ spin–lattice relaxation time constant in the rotating frame = transverse re-
laxation time constant in the presence of a spin-locking field

T2 transverse relaxation time constant = spin–spin relaxation time constant
T2

∗ fictitious transverse relaxation time constant corresponding to the inhomo-
geneously broadened linewidth

|T+1〉, |T0〉, |T−1〉 triplet states
TPZ matrix for the transformation of Zeeman orders into populations
TZP matrix for the transformation of populations into Zeeman orders
T a spin interaction tensor
[T]A matrix representation of a spin interaction tensor, in reference frame A
τ an interval between two time points
τm mixing interval in TOCSY, NOESY and ROESY pulse sequences
τp r.f. pulse duration
τG gradient pulse duration
τ0 Larmor time-scale
τc correlation time of a random process
τcrit

c critical rotational correlation time (at which cross-relaxation disappears)
τacq signal detection interval
τspec spectral time-scale
τsample interval between signal sampling points
Û(τ) free precession propagator over an interval τ

Û1, Û2 . . . free precession propagators under the Hamiltonians Ĥ
0
1, Ĥ

0
2 . . .

Û12 free precession propagator under the Hamiltonian Ĥ
0
12

ÛG propagator under a field gradient pulse

Û
strong
J propagator under the strongly coupled J-coupling Hamiltonian Ĥ

strong
J

Ûweak
J propagator under the weakly coupled J-coupling Hamiltonian Ĥ

weak
J

Ûmix propagator for the mixing interval of a pulse sequence
ÛSES propagator for a spin echo sandwich
V volume; in addition, electric potential
V̂ potential energy operator
V electric field gradient tensor
V (0), V (1) . . . multipole components of the electric potential
Vxx, Vxy . . . Cartesian components of the electric field gradient at spin Ij
VXX, VYY , VZZ principal values of the electric field gradient tensor at spin Ij
V − propagator for (−1)-quantum coherences in a two-site exchange problem
W mean transition probability per unit time in a spin-1/2 ensemble
W0 mean zero-quantum transition probability per unit time in a homonuclear

spin pair ensemble
W2 mean double-quantum transition probability per unit time in a homonu-

clear spin pair ensemble
W1 mean single-quantum transition probability per unit time in a homonuclear

spin pair ensemble



Appendix B: Symbols and Abbreviations •677

W1I ,W1S mean single-quantum transition probabilities per unit time for species I
and S

W + ,W − transition probabilities per unit time in a spin-1/2 ensemble
W −α ,W −β . . . transition probabilities per unit time in a 2-spin-1/2 ensemble
WP kinetic matrix for the evolution of populations in a 2-spin-1/2 system
ω frequency in units of radians per second
ω/2π frequency in units of hertz
ω0 signed) precession frequency (=Larmor frequency) in units of radians per

second
ω0/2π signed) precession frequency (=Larmor frequency) in units of hertz
ω0
j , ω

0
k . . . chemically shifted Larmor frequencies of spins Ij, Ik . . .

ω0
1, ω

0
2 . . . chemically shifted Larmor frequencies of spins I1, I2 . . .

ωA
12, ω

B
12 components of the spin–spin coupling between spins I1 and I2

ωIS heteronuclear spin–spin coupling in anisotropic phase
ωG field-gradient-induced Larmor frequency shift
ω

(1)
Q first-order quadrupole coupling

ω
(2)
Q second-order quadrupole coupling
ωn eigenvalue of the Hamiltonian Ĥ = energy level (in units of �)
ω
j
nut nutation frequency of spin Ij
ωC

nut central transition nutation frequency
ωosc oscillation frequency of tuned circuit in probe
ωref signed) spectrometer reference frequency in units of radians per second
ω0
I resonance offset frequency of spins I
ω0
S resonance offset frequency of spins S
ω0

TMS Larmor frequency of spins in Si(CH3)4 in units of radians per second
ω′, ω′′ chemical shift frequencies
ωαα, ωαβ . . . energy eigenvalues for a weakly coupled spin-1/2 pair
ωx, ωy, ωz Cartesian components of the magnetic field, expressed as frequencies (e.g.

ωx = −γBx)
� signed) frequency relative to spectrometer reference (=resonance offset fre-

quency) in units of radians per second
�/2π signed) frequency relative to spectrometer reference (=frequency coordinate

in spectrum) in units of hertz
�0 Larmor frequency relative to spectrometer reference (=resonance offset

frequency) in units of radians per second
�0/2π Larmor frequency relative to spectrometer reference (=resonance offset

frequency = frequency coordinate of spectral peak) in units of hertz
�1 frequency coordinate of a two-dimensional spectrum (in the indirectly de-

tected dimension)
�2 frequency coordinate of a two-dimensional spectrum (in the directly de-

tected dimension)
�� difference in chemical shift frequencies
�� sum of chemical shift frequencies
�� rotating-frame frequency of a spectral peak
�

(1)
� frequency coordinate of a two-dimensional peak in the �1 dimension

�
(2)
� frequency coordinate of a two-dimensional peak in the �2 dimension

�guess guessed frequency of NMR signal
�0

1, �
0
2 . . . resonance offset frequencies of spins I1, I2 . . .
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�0
j , �

0
k . . . resonance offset frequencies of spins Ij, Ik . . .

�0(1) resonance offset frequency in the t1 interval
�0(2) resonance offset frequency in the t2 interval
�0

A, �
0
B resonance offset frequency of a spin in two different chemical species, A

and B
� mean resonance offset frequency of a spin in a chemically exchanging

molecule
�αα,�αβ . . . eigenvalues of the rotating-frame Hamiltonian, for a weakly coupled spin-

1/2 pair
�rs rotating-frame frequency of coherence ρrs
� −α ,� −β . . . rotating-frame precession frequencies of coherences in an ensemble of spin-

1/2 pairs
� +−α frequency of a coherence ρ +−α in an ensemble of three-spin-1/2 systems
� −α+β− frequency of a coherence ρ −α+β− in an ensemble of five-spin-1/2 systems
� α−−α ,� α−−β . . . frequencies of (−2)-quantum coherences in an ensemble of four-spin sys-

tems
ΩBA set of Euler angles {αBA, βBA, γBA} that may be used to transform the refer-

ence axes of frame A into those of frame B
ΩAB passive notation for the Euler angle set ΩBA

x spatial coordinate; in addition, used to indicate an r.f. phase φ = 0
x indicates an r.f. phase φ = π

x� position in space corresponding to a resonance offset �, in the presence of
a field gradient Gx

x�1 position in space corresponding to a resonance offset�1, in the presence of
a field gradient Gx

x̂ operator for multiplication by the coordinate x
| + x〉 spin-1/2 state with angular momentum +1/2 along the x-axis
| − x〉 spin-1/2 state with angular momentum −1/2 along the x-axis
X matrix with columns given by the eigenvectors of A
Xz matrix with columns given by the eigenvectors of Lz
X − matrix with columns given by the eigenvectors of L −
χ magnetic susceptibility
χnuc nuclear contribution to the magnetic susceptibility
ξ angle appearing in the theory of the AB system
y spatial coordinate; in addition, used to indicate an r.f. phase φ = π/2
y indicates an r.f. phase φ = 3π/2
| + y〉 spin-1/2 state with angular momentum +1/2 along the y-axis
| − y〉 spin-1/2 state with angular momentum −1/2 along the y-axis
Y2m(θ, φ) second-rank spherical harmonic
ψ(x, t) one-dimensional particle wavefunction
ψn(x) one of a set of continuous orthonormal functions of x
|ψ〉 Dirac notation (‘ket-psi’) for an arbitrary spin state, or the spatial wavefunc-

tion ψ(x, t)
〈ψ| Dirac notation (‘bra-psi’) for the adjoint of |ψ〉
|ψ〉©1 , |ψ〉©2 . . . spin states at time points ©1 ,©2 . . .

|ψfull〉 complete wavefunction of the sample
|ψspin〉 quantum state of the nuclear spins
� additional r.f. phase shift in States procedure
z spatial coordinate, usually in the direction of the main magnetic field
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z�2 position in space corresponding to a resonance offset�2, in the presence of
a field gradient Gz

Z atomic number = nuclear charge/e
Z coherence transfer amplitude
Z vector of Zeeman orders in a two-spin-1/2 system
Zeq vector of thermal equilibrium Zeeman orders in a two-spin-1/2 system
⊗ direct product
〈m|n〉 Dirac bracket of 〈m| and |n〉[
Â, B̂

]
commutator ÂB̂ − B̂Â

(π/2)x
propagation under a (π/2)x pulse

πJ12τ
propagation under the J-coupling between spins I1 and I2 over an interval τ

πx
propagation under a πx pulse

�0
1τ

propagation under the chemical shift of spin I1 over an interval τ
�0

2τ
propagation under the chemical shift of spin I2 over an interval τ

SES
propagation under a spin echo sandwich

[A]eq equilibrium concentration of chemical species A

〈Q̂〉 expectation value of the operator Q̂
� cyclic commutation





Answers to the Exercises

Chapter 1

1.1 (i) Might possibly be correct. The total number of nucleons is odd, so the ground-state spin is a
half-integer. More cannot be said using the simple rules for spin. In fact, the ground-state spin is
I = 1/2, so the statement is correct.

(ii) Cannot be correct. The numbers of protons and neutrons are both even, so the ground-state spin
must be I = 0.

(iii) Might possibly be correct. The total number of nucleons is odd, so the ground-state spin must be
a half-integer. In fact, the ground-state spin is I = 5/2.

(iv) Must be correct. The numbers of protons and neutrons are both even, so the ground-state spin is
I = 0.

(v) Cannot be correct. The numbers of protons and neutrons are both odd, so the ground-state spin
must be an integer larger than zero. In fact, I = 5.

1.2 1, 2, 3 or 4.

Chapter 2

2.1 The field and magnetization trajectories are as follows:

Spin Dynamics: Basics of Nuclear Magnetic Resonance, Second Edition Malcolm H. Levitt
© 2008 John Wiley & Sons, Ltd
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time

Bx

Bz

Mx

My

Mz

Chapter 3

3.1 (i) The 1H spectrum contains a doublet with a splitting of around 7 Hz on the right-hand side of the
spectrum (low δ) and a quartet with a splitting of around 7 Hz on the left-hand side of the spectrum
(high δ). The integrated intensity of the doublet is three times more than that of the quartet.

(ii) The 13C spectrum contains a doublet with a splitting of around 135 Hz on the left-hand side of
the spectrum (high δ) and a quartet with a splitting of around 135 Hz on the right-hand side
of the spectrum (low δ). The quartet and the doublet have approximately the same integrated
intensity. When viewed with high resolution, each component of the doublet displays a quartet
fine structure, and each peak of the quartet displays a doublet fine structure.

(iii) In the presence of proton decoupling, the 13C spectrum takes the form of two narrow peaks. A
close inspection should reveal two very small ‘satellites’ on each side of both peaks, due to the
rare isotopomers with two 13C nuclei in each molecule.

3.2 The isotopomers, their relative proportions, and their 1H-decoupled 13C spectra are as follows:
(i) Isotopomer I: (12CH3)2

12CO. Abundance = 21.6%. No 13C spectrum.

(ii) Isotopomer II: 13CH3
12CH3

12CO. Abundance = 28.8%. A single peak at low δ (right-hand side of
the spectrum).

(iii) Isotopomer III: (12CH3)2
13CO. Abundance = 14.4%. A single peak at high δ (left-hand side of the

spectrum).

(iv) Isotopomer IV: 13CH3
12CH3

13CO. Abundance = 19.2%. A doublet at high δ, and another doublet
at low δ.

(v) Isotopomer V: (13CH3)2
12CO. Abundance = 9.6%. A single peak at low δ.

(vi) Isotopomer VI: (13CH3)2
13CO. Abundance = 6.4%. A triplet at high δ, and a doublet with twice

the integrated intensity at low δ.
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The 1H-decoupled 13C spectrum, and the assignments of the peaks to the isotopomers, are as follows:

3.3 (i) B0 = 13.341 T.

(ii) δref = 72.0 ppm.

Chapter 5

5.1 The horizontal axes show frequency �/2π in units of hertz:

− 2 − 1 0 1 2

Re

− 2 − 1 0 1 2

Im

− 2 − 1 0 1 2

Re

− 2 − 1 0 1 2

Im

− 2 − 1 0 1 2

Re

− 2 − 1 0 1 2

Im

− 2 − 1 0 1 2

Re

− 2 − 1 0 1 2

Im

− 2 − 1 0 1 2

Re

− 2 − 1 0 1 2

Im

− 2 − 1 0 1 2

Re

− 2 − 1 0 1 2

Im

(i)

(ii)

(iii)

(iv)

(v)

(vi)

5.2 Running for 2 h at 40 ◦C with a delay of 5 s between transients gives a signal-to-noise ratio that is a
factor of

√
4/3 better than running for 3 h at 20 ◦C with a delay of 10 s between transients.
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Chapter 6

6.1 (iii) N = 4 × 5−1/2.

6.3
[
x̂, D̂2

x

] = −2D̂x

6.6 (i) Suppose that the operator Â is hermitian, and that |a〉 is an eigenvector of Âwith eigenvalue a, i.e.

Â|a〉 = a|a〉 (1)

The adjoint of both sides gives

〈a|Â† = a∗〈a|
Since Â is hermitian, we can write Â† = Â, and multiplying with |a〉 from the right gives

〈a|Â|a〉 = a∗〈a|a〉
Similarly, multiplying Equation (1) from the left with 〈a| gives

〈a|Â|a〉 = a〈a|a〉
The two last equations may be subtracted from each other to give

(a− a∗)〈a|a〉 = 0

It follows that the eigenvalue a is real, except in the pathological (and trivial) case where |a〉 is a
vector of zeros, so that 〈a|a〉 = 0.

(ii) Suppose that |1〉 and |2〉 are eigenvectors of the hermitian operator Â with eigenvalues a1 and a2

respectively, i.e.

Â|1〉 = a1|1〉
Â|2〉 = a2|2〉 (2)

The adjoint of the second equation in Equation (2) gives

〈2|Â† = a2
∗〈2|

and hence

〈2|Â = a2〈2|
using the hermiticity of Â and the fact that α2 is real. Multiplying with |1〉 from the right gives

〈2|Â|1〉 = a2〈2|1〉
Similarly, multiplying the first equation in Equation (2) with 〈2| from the left gives

〈2|Â|1〉 = a1〈2|1〉
Subtracting the last two equations from each other gives

(a2 − a1)〈2|1〉 = 0 (3)

If the eigenvalues a1 and a2 are different (non-degenerate case), then the bracketed term is non-
zero. In this case, Equation (3) may only be satisfied if 〈2|1〉 = 0, which proves the orthogonality
of |1〉 and |2〉. If, on the other hand, the eigenvalues a1 and a2 are the same (degenerate case), then
(Equation (3)) is satisfied even if 〈2|1〉 is non-zero. The eigenvectors may be non-orthogonal in this
case.
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Chapter 7

7.1 (i) [
2Î1xÎ2y, 2Î1xÎ2z

] = iÎ2x[
Î2x, 2Î1xÎ2y

] = i2Î1xÎ2z[
2Î1xÎ2z, Î2x

] = i2Î1xÎ2y

(ii)

exp{−iθ2Î1xÎ2y}2Î1xÎ2z exp{+iθ2Î1xÎ2y} = 2Î1xÎ2z cos θ + Î2x sin θ

(iii)

exp{−iθ2Î1xÎ2y}Î2x exp{+iθ2Î1xÎ2y} = Î2x cos θ − 2Î1xÎ2z sin θ

7.2 (i) The state ψ1(x) in Equation 6.1 is an eigenstate of D̂2
x with eigenvalue −π2 (see Equation 6.24). The

probability of obtaining the value −π2, therefore, is given by

P(−π2) = |〈1|f 〉|2

This evaluates to

|〈1|f 〉|2 =
(

5
3

√
2
7

)2

= 50
63

= 0.794

using the expansion coefficient given in Equation 6.8.

(ii) The state ψ3(x) in Equation 6.1 is an eigenstate of D̂2
x with eigenvalue −9π2 (see Equation 6.24).

The probability of obtaining the value −9π2, therefore, is given by

P(−9π2) = |〈3|f 〉|2 = 25
126

= 0.198

(iii) The probability of obtaining the value 2 is exactly zero, since 2.0 is not an eigenvalue of D̂2
x.

(iv) The average of many observations tends to the expectation value of D̂2
x for particles in state |f 〉,

which is given by

〈f |D̂2
x|f 〉 =

∫ 1

0
dxf (x)∗D̂2

xf (x) = −25
9
π2

7.3 One way to prove this is as follows (the dots are only intended to clarify the working, and have no
meaning):

R̂x(π/2)R̂y(π)R̂x(π/2) = R̂x(π/2)R̂y(π)R̂x(π/2) · 1̂

= R̂x(π/2)R̂y(π)R̂x(π/2) · R̂y(−π)R̂y(π)

= R̂x(π/2) · R̂y(π)R̂x(π/2)R̂y(−π) · R̂y(π)

= R̂x(π/2) · R̂x(−π/2) · R̂y(π)

= 1̂ · R̂y(π)

= R̂y(π)
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The crucial step in the proof uses the sandwich relationship in Equation 7.15.

7.4 The matrix representations for spin-5/2 operators, in the basis |I,M〉 = {|5/2,+5/2〉, |5/2,+3/2〉,
|5/2,+1/2〉, |5/2,−1/2〉, |5/2,−3/2〉, |5/2,−5/2〉} are as follows:

Î+ =



0
√

5 0 0 0 0

0 0 2
√

2 0 0 0

0 0 0 3 0 0

0 0 0 0 2
√

2 0

0 0 0 0 0
√

5

0 0 0 0 0 0



Î− =



0 0 0 0 0 0
√

5 0 0 0 0 0

0 2
√

2 0 0 0 0

0 0 3 0 0 0

0 0 0 2
√

2 0 0

0 0 0 0
√

5 0



Îy = 1
2i



0
√

5 0 0 0 0

−√
5 0 2

√
2 0 0 0

0 −2
√

2 0 3 0 0

0 0 −3 0 2
√

2 0

0 0 0 −2
√

2 0
√

5

0 0 0 0 −√
5 0



Îz =



5
2 0 0 0 0 0

0 3
2 0 0 0 0

0 0 1
2 0 0 0

0 0 0 − 1
2 0 0

0 0 0 0 − 3
2 0

0 0 0 0 0 − 5
2


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Chapter 8

8.1 (i) B0 = 1.174 T; (ii) ωnut/2π = 21.29 kHz; (iii) ωnut/2π = 17.38 kHz; (iv) B0 = 11.593 T; (v) ωnut/2π =
2.15 kHz; (vi) ωnut/2π = 1.76 kHz.

Chapter 9

9.1 (i) b12/2π = −15.012 kHz; (ii) b13/2π = −15.012 kHz; (iii) d12/2π = +7.506 kHz; (iv) d12/2π =
−9.382 kHz; (v) d12/2π = −3.753 kHz; d13/2π = −13.504 kHz; d23/2π = +5.997 kHz.

9.2 (ii) djk = ∫ π0 d�jk p(�jk) bjk
1
2

(3 cos2�jk − 1) sin�jk = 2bjk/155. If r = 0.3 nm, then djk/2π = −57.4 Hz.

Chapter 10

10.1 (i) The eigenvalue is + 1
2 . (ii) The state may be represented as an arrow in the zy plane subtending an

angle θ with the z-axis. (iii) The required pulse has flip angle (π/2 − θ) and phase π.

10.2 (i) ωnut/2π = 10 kHz. (ii) 25 �s; (iii) π.

10.3 (i) |β〉.
(ii) −1/2.

10.4 (i)
1
2

(
1 + i

−1 + i

)
.

(ii) +1/2.

10.5 τp = 35.35 �s.

Chapter 11

11.1 (i) 14.68 T; (ii) −625.1 MHz; (iii) 12.6 × 10−6.

11.2 (i) π; −ez.

(ii) −0.309ey − 0.951ez; 18◦.

(iii) −ez.

(iv) 0.048ex − 0.008ey − 0.999ez; 2.8◦.

(v) See R. Freeman, Spin Choreography. Basic Steps in High Resolution NMR, Spektrum, Oxford, 1997.

Chapter 12

12.1 Peak 1: T1 ∼= 2 s; peak 2: T1 ∼= 5 s.
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12.2 The signal phases are as follows:
(i) zero (the spin echo sequence refocuses the phase).

(ii) −γ�Bx0/v

(iii) γ�Bτ + γ�Bx0/v

(iv) zero (the spin echo sequence refocuses the phase).

Chapter 13

13.1 A spin I has 2I + 1 energy levels, withM running from −I to +I in integer steps. There are, therefore,
I + 1

2 levels with positive M running from +1/2 to +I in integer steps. The mean value of M for
all positive-M levels, therefore, is 1

2 (I + 1
2 ). This should be compared with the value of 1/2 when no

saturation is applied. The central-transition enhancement factor on satellite saturation, therefore, is
I + 1

2 .

13.2 From Equation 7.30 the matrix element of Î+ across the central transition is
√
I(I + 1) − ( 1

2 )(− 1
2 ) =

I + 1
2 . The central transition nutation enhancement on selective excitation, therefore, is I + 1

2 (again!).

13.3 The matrix representation of a (π/2)x pulse is given in Section 7.9.1, and is equal to

R̂x(π/2) = 1
2


1 −i

√
2 −1

−i
√

2 0 −i
√

2

−1 −i
√

2 1


Matrix multiplications as in Equation 13.27 give

R̂x(π/2)


0 0 0

1 0 − 1

0 0 0

 R̂x(π/2)† = i
√

2


1 0 − 1

0 0 0

1 0 − 1



R̂x(π/2)


0 − 1 0

0 0 0

0 1 0

 R̂x(π/2)† = i
√

2


1 0 1

0 0 0

−1 0 − 1

 (4)

It follows that double-quantum coherences are excited, with amplitudes proportional to
2i( exp{i 1

4ω
(1)
Q τ} − exp{−i 1

4ω
(1)
Q τ}) = sin 1

4ω
(1)
Q τ.

13.4 A nine-peak multiplet with intensities in the ratio 9:16:21:24:25:24:21:16:9.

Chapter 14

14.1 (i) 10.8 G corresponds to 1.08 × 10−3 T. This may be multiplied by the proton gyromagnetic ratio of
267.5 × 106 rad s−1 T−1 to obtain 288 × 103rad s−1 = 45.98 kHz.
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(ii) The splitting between the strong ‘perpendicular’ peaks in the Pake doublet
is |3b/2|, where b is the dipole–dipole coupling constant. Hence |b/2π| = 2

3 ×
45.98 kHz = 30.66 kHz. Solution of |b| = (µ0/4π)γ2

�r−3 = 2π × 30.66 × 103 rad s−1 gives
r = 158 pm.

Chapter 15

15.1 (i)

ρ̂ = 1
4


1 1 1 1

1 1 1 1

1 1 1 1

1 1 1 1


(ii)

ρ̂ =


C4 C3S C3S C2S2

C3S C2S2 C2S2 C3S

C3S C2S2 C2S2 C3S

C2S2 CS3 CS3 S4


where C = cos(β/2) and S = sin(β/2).

(iii)

ρ̂ =



1 − 1
2β

2 1
2β

1
2β

1
4β

2

1
2β

1
4β

2 1
4β

2 0

1
2β

1
4β

2 1
4β

2 0

1
4β

2 0 0 0


Single-quantum coherences that share a state with the original population are excited to first order
in β. Multiple-quantum coherences are excited to second order in β.

Chapter 16

16.1 (i) ρ̂ = −Îy cos�0
St1 − (2ÎxŜx cos�0

Sτ + 2ÎxŜy sin�0
Sτ
)

sin�0
St1;

(iii) change the phase of the first pulse to −y.

16.2 (i)

ρ̂©4 = −Î1x cos�0
1t1 cosπJt1 + 2Î1zÎ2y cos�0

1t1 sin πJt1

−Î1z sin�0
1t1 cosπJt1 − 2Î1xÎ2y sin�0

1t1 sin πJt1
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(ii) For a general value of t1, all coherence orders −2,−1, 0, 1 and 2 are excited at time
point ©4 .

(iii)

ρ̂cos©5
= −2Î1yÎ2z

1
4

(
cos(�0

1 + πJ)t1 − cos(�0
1 − πJ)t1

)
−2Î1zÎ2y

1
4

(
cos(�0

1 + πJ)t1 − cos(�0
1 − πJ)t1

)
(iv)

ρ̂sin©5
= −2Î1yÎ2z

1
4

(
sin(�0

1 + πJ)t1 − sin(�0
1 − πJ)t1

)
−2Î1zÎ2y

1
4

(
sin(�0

1 + πJ)t1 − sin(�0
1 − πJ)t1

)
(v) Both the diagonal-peak multiplets and the cross-peak multiplets are in antiphase absorption.

Another advantage of 2QF-COSY is that signals from non-coupled spins-1/2 are suppressed, as
in the INADEQUATE experiment. One drawback of 2QF-COSY is that one half of the signal
amplitude is lost, compared with ordinary COSY.

Chapter 17

17.1 (i) Chemically and magnetically equivalent; (ii) chemically and magnetically inequivalent; (iii) chem-
ically equivalent but magnetically inequivalent.

17.2 (i) A2; (ii) AB; (iii) ABX; (iv) AA′BB′; (v) ABMX; (vi) AA′BB′X.

Chapter 18

18.1 (i) The final spin density operator is ρ̂©5 ∼ − Ŝy sin θ + . . .. The optimal flip angle is θ = π/2. The
maximum signal enhancement is γI/γS .

(ii) The final spin density operator is ρ̂©5 ∼ − Ŝy sin 2θ + . . .. The optimal flip angle is θ = π/4. The
maximum signal enhancement is γI/γS .

(iii) The final spin density operator is ρ̂©5 ∼ − 3Ŝy cos2 θ sin θ + . . .. The optimal flip angle is θ =
arccos

√
2/3. The maximum signal enhancement is 1.15γI/γS . Note that these results resemble

those obtained for INEPT, but with the dependence on the pulse sequence delay τ replaced by a
dependence on the flip angle θ.

Chapter 19

19.1 (i) B0 = 7.08 T.

(ii) B0 = 17.8 T.



Answers to the Exercises •691

(iii) T = 283.5 K.

(iv) Between around T = 210 K and 280 K.

(v) Around T = 660 K.

Chapter 20

20.1 (i) The plots of T1 and T2 against field are as follows:

T1 increases with field, since spin–lattice relaxation requires spectral density at the Larmor
frequency ω0 (and also twice the Larmor frequency). Spin–lattice relaxation is less effective at
high field since the spectral density function decays with respect to frequency, and the Larmor
frequency is higher at high field. Transverse relaxation, on the other hand, involves spectral densi-
ties at a selection of frequencies, including zero. The zero-frequency contribution to the transverse
relaxation is field independent. As a result, the transverse relaxation time constant is relatively
insensitive to field. (This applies to the case of homonuclear dipole–dipole relaxation, but not
necessarily to other relaxation mechanisms, such as those involving the CSA).

(ii) The plots of Rcross and RT
cross against field are as follows:

The ROESY experiment is expected to be superior at high field, since the transverse cross-
relaxation rate constant remains large (and negative). The longitudinal cross-relaxation rate con-
stant, involved in the NOESY experiment, becomes small (and positive) at high field.
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2D exchange spectroscopy 529ff
2D exchange spectroscopy, experimental example

538
pulse sequence for 529
theory of 532

2D FT, definition of 105
2D INADEQUATE 431ff
2D INADEQUATE, experimental example 435

phase cycle 433
pulse sequence for 432
spectral appearance 434
States procedure 432

2D spectroscopy 92, 105ff
2D spectroscopy, phase-sensitive 114

pure absorption 109
pure phase 114
ultrafast 115

3D FT, definition of 114
3D spectroscopy 92, 114
AA′BB′ spin system, example of 464
AA′XX′ spin system, example of 464
AB spin system, example of 464

form of spectrum 619
absorption 40, 116
absorption, stimulated 275
abundance, natural 12
acquisition time 76
activation energy 523
active spin 470, 493
activity, kinetic 541
adamantane 192, 217
ADC 74ff
adjoint of function 123

adjoint of operator 130
107Ag, nuclear properties of 12
109Ag, nuclear properties of 12

shape of nucleus 174
27Al 345
27Al, nuclear properties of 12

quadrupole moment 207
alphabet notation for spin systems 356, 463ff
aluminium see 27Al
ammonium ion 207, 350, 455
amplifier, for NMR signal 73

power 69
amplitude, complex 94
amplitude modulation 109
AMX spin system, example of 467
analogue-to-digital converter see ADC
angular frequency 29, 40
angular momentum 148ff
angular momentum, classical 6

combination rule 8
intrinsic 7, 157
measurement of 232
orbital 7, 16, 224
quantization of 6
total 6, 500

angular momentum operator 149ff
angular momentum operator, cyclic commutation

143, 395, 484, 604ff
definition of 149
eigenstates and eigenvalues 152
matrix representation 156
rotation of 151
spin see spin angular momentum operator

693
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angular momentum operator, (Continued)
total 500
total square 153, 360

anisotropic liquid 18, 443
anisotropic liquid, AX systems in 443ff

chemical shift in 203
DD coupling in 216
J-coupling in 221
magnetically-equivalent spin pairs in 362
molecular motion in 187
motional averaging in 191
orientational average in 187
quadrupolar coupling in 209
spin-1 spectrum 329
spin-3/2 spectrum 341
spin-5/2 spectrum 348

anomer 587
anticorrelation of spin polarizations 389
antiferromagnetism 37
antimony see 121Sb
antiphase peaks 386, 428
antiphase peaks, in 2D INADEQUATE 434

in COSY 416ff, 491ff
in INADEQUATE 423
in INEPT 439

antisymmetric component of a tensor 224
arrayed experiments 91
Arrhenius equation 523
arrow, double-headed, in pulse sequence

diagrams 89
single-headed, in pulse sequence diagrams

92
arrow, notation for coherence 262

notation for transition probability 550
arsenic see 75As
75As 334
assignment 409
assignment, by 2D INADEQUATE 434

by COSY 409ff
by INADEQUATE 423
by TOCSY 497ff

asymmetric unit, of crystal 225
asymmetry parameter see biaxiality
atom, structure of 15ff
atomic number 11
atomic orbitals 16, 154, 165
197Au 334
Aufbau principle 9
aurora borealis 585
autocorrelation function 545ff

auto-relaxation rate constant, longitudinal 563
transverse 579

average, planar 447
spherical 215, 447

Avogadro constant 523
AX spectrum 378ff
AX spectrum, form of 366, 619

peak assignment 380
AX spin system, energy levels of 364

example of 364
experiments on 409ff
heteronuclear 438ff, 443ff
homonuclear 369ff
meaning of 356
spectrum of 365, 378ff

A3X2 spin system, example of 464
azimuthal quantum number see quantum number,

azimuthal
10B, nuclear properties of 12

spin of 14
11B 334
11B, nuclear properties of 12, 12

quadrupole moment 207

ball, notation for population 262
bandwidth, pulse 256

sampling 75
Barnett effect 20
baseline distortions 104
basis, singlet-triplet 359

Zeeman 153
Bax, Ad 418
benzene, chemical equivalence in 456

magnetic equivalence in 458, 460
beta-decay 10
B field 37
209Bi 350
biaxiality 224, 225, 319, 614
biaxiality, of CSA tensor 199, 225

of electric field gradient tensor 208
bicelles 444, 450
bicycle 28, 36, 38, 241
bilayers 445
binomial coefficients 57
bismuth see 209Bi
Bloch equations 292, 653ff
Bloch, Felix 1, 281, 653
block diagonal matrix 129, 612
blood 315, 513
Boltzmann constant 267
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Boltzmann distribution 551, 267, 292, 326, 389, 526
Boltzmann factor 267, 326, 390, 438, 481, 552
Boltzmann, Ludwig 267
bore of magnet 66
boron see 10B and 11B
Bose, S. N. 20
boson 7
boson, spin-pair 527

vector 10
bounds on operator transformations 491
box notation, for 5-spin-1/2 system 473

for AMX system 470
for AX systems 371
for quadrupolar nuclei 323
for single spins-1/2 261
frequency calculation using 472

79Br 334
81Br 334
bra state 122
brain 315, Plates 1, 3 and 4
bra-ket 123, 162
broadening, homogeneous 298

induced by cross-correlation 588ff
inhomogeneous 48ff, 204, 298
motional 518ff

bromine see 79Br and 81Br

12C, abundance of 418
composition of nucleus 11
mass of 17
nuclear properties of 12

13C, abundance of 418
composition of nucleus 11
nuclear properties of 12
spin of 13

13C, spin of 15
typical chemical shifts of 55

14C, composition of nucleus 11
C60 see fullerene
caesium see 133Cs
calcium sulfate dihydrate see gypsum
CAMELSPIN 594
capacitors, matching and tuning 72
carbon see 12C, 13C and 14C
Carr-Purcell echo 316
central transition, echo of 345

excitation of 343ff
flip angle of 344
for spin-3/2 337, 340
for spin-5/2 348

for spin-7/2 349
signal enhancement techniques 351

cesium see caesium
CH2 protons, chemically inequivalent 457, 458,

467
magnetically equivalent 458

CH3 group see methyl group
CH3 protons, magnetically equivalent 458
channels, spectrometer 44
chemical bond 218
chemical equivalence 455ff
chemical equivalence, and chirality 458

definition of 455
chemical exchange 510, 516ff
chemical exchange, and chemical shift 203

and NOESY 575
and ROESY 582
coalescence point 541
crossover point 517
effect on J-couplings 59
experimental example 523
fast intermediate 520ff
lineshape formulae 519, 520
slow intermediate 518ff
theory 654ff
timescale of 511

chemical shift 50ff, 182, 195ff
chemical shift, and electronegativity 202

and phase transition 204
and secular approximation 612
anisotropy of see CSA
antisymmetric component 293
chemical exchange and 203
definition of 53
direction of scale 54
evolution induced by 280, 399ff, 482ff
field dependence 53
for general molecular orientation 200
full form of interaction 201
in anisotropic liquid 203
in isotropic liquid 201
in solid 204
influences on 202
isotope effects 203
isotropic 198
mechanism of 195
of reference frequency 54
ring current mechanism 203
temperature dependence of 525, 541
typical ranges 55



•696 Index

chemical shift anisotropy see CSA
chemical shift frequency 201
chemical shift tensor 196
chemical shift tensor,

ellipsoidal representation 199
principal axes 197, 198
principal values 198, 224
uniaxial 199

chirality 458
citric acid 458
35Cl 334
35Cl, J-coupling to 364, 455

nuclear properties of 12
37Cl 334
37Cl, J-coupling to 364, 455

nuclear properties of 12
59Co, quadrupole moment 207
59Co 349
coalescence point 541
cobalt see 59Co
cogwheel phase cycle 648
coherence, arrow notation for 263

assignments in AX system 380
calculation of frequency 472
combination 471
decay rate constant 40
decay time constant see T2

definition of 261
dephasing time constant see T2

double-quantum see double-quantum coher-
ence

evolution of 377
excitation of 271, 328
helical phase pattern induced by field gradient

651
in multiple spin-1/2 systems 471
in rotating frame 269
in spin-1/2 ensemble 261
multiple-quantum see multiple-quantum coher-

ence
observable 473
phase of 266
physical interpretation 265
relationship to NMR signal 287, 293, 608ff
simple 471, 503
single-quantum see single-quantum coherence
triple-quantum 337
zero-quantum see zero-quantum coherence

coherence decay time constant 35
coherence dephasing time constant 35

coherence order 323, 336, 371, 632
coherence order, change in 632

definition of 263
from box notation 471
inversion by π pulse 303

coherence transfer 332, 413
coherence transfer amplitude, definition 630

dependence on phase 631
coherence transfer echo 652
coherence transfer pathway 305ff, 629ff
coherence transfer pathway, phase of 633, 651

selection by magnetic field gradients 640,
649ff

selection by phase cycling 634ff
coherence transfer pathway diagram,

for 2D exchange 529
for COSY 629
for double-quantum-filtered COSY 644
for INADEQUATE 429, 630, 643, 646
for quadrupolar echo 334
for spin echo 305

coherences, degenerate 473, 503
number of 471

coil, field gradient 79ff
oriented at magic angle 529
receiver/transmitter 71

coil reaction 292
combination coherence 471
commutation, definition of 126
commutation, cyclic see cyclic commutation
commutator, definition of 126
compass 27, 30, 37, 176
complex amplitude see amplitude, complex
complex conjugate 122
complex Lorentzian see Lorentzian, complex
composite pulse see pulse, composite
conservation laws 148, 500
continuous wave method 653
contour plot 107
Cooley, James 116
copper see 63Cu and 65Cu
Coriolis force 244
correlation of spin polarizations see spin correlation
correlation spectroscopy see COSY
correlation time 545ff
correlation time, critical 564, 575

definition of 548
rotational 556
temperature dependence 548

cosh function 531
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COSY, ambiguity of spectra 497
coherence theory 411
coherence transfer pathway diagram 629
cross peaks 414, 494
diagonal peaks 414, 496
double-quantum filtered see double-quantum-

filtered COSY
experimental examples 418, 419, 420
in AMX systems 492
in AX systems 409ff
in multiple-spin systems 491ff
peakshapes in 416ff
product operator theory 415ff, 491ff
pulse sequence 411, 491
States procedure for 411, 417
unexpected cross peaks in 503
vanishing cross peaks in 497

counter, cycle 90
transient 90

coupling, direct dipole-dipole see DD coupling
hyperfine see hyperfine coupling
indirect dipole-dipole coupling see J-coupling
scalar see J-coupling, isotropic
strong see strong coupling
through-space dipole-dipole see DD coupling
weak see weak coupling

critical correlation time 564, 575
cross peak, definition of 414

in 2D exchange 530, 537
in COSY 414, 493
in NOESY 573
in ROESY 582
in TOCSY 502

cross-correlated relaxation 584ff
cross-correlated relaxation,

and product operators 405, 407
and unexpected COSY peaks 503
experimental examples 588, 589
linewidth effects 588ff

cross-correlation, and Solomon equations 662
and transition probability 586
between DD couplings 585
DD-CSA 590ff

cross-correlation function,
and interbond angle 586

definition 585
crossover point 517, 520
cross-relaxation 662
cross-relaxation, in NOESY 573

longitudinal 564

transverse 577
cross-relaxation rate constant, longitudinal 563

sign convention 594
transverse 579

cryoprobe 70, 115
crystal 19
crystal, asymmetric unit of 203, 225

chemical shift in 203
unit cell 225

133Cs 342, 349
CSA 198ff, 590
CSA, antisymmetric component 224

as relaxation mechanism 544
biaxiality of 199
definition of 199
for quadrupolar nuclei 350
in gas 194

CSA-DD cross correlation, in TOCSY 497ff
CTP diagram see coherence

transfer pathway diagram
63Cu 334
63Cu, nuclear properties of 12

quadrupole moment 207
65Cu 334
65Cu, nuclear properties of 12

quadrupole moment 207
cycle counter 90
cyclic commutation, and 3D rotations 138ff, 604ff

of angular momentum operators 143, 395, 484,
604ff

of product operators 401, 484
cyclosporin 528

DAC 79
Dalton (Da) 17
DAS 342, 348, 351
data matrix 92
DD coupling 183, 211ff, 556ff
DD coupling, and AB spectra 620

and motional averaging 541
and relaxation 216
angle between pair of 586
between 13C and 1H 515
cross-correlated 585
full form of interaction 212
heteronuclear secular form 214, 443
homonuclear secular form 213, 357
in anisotropic liquid 216
in isotropic liquid 215
in solid 216
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DD coupling (Continued)
and AB spectra 620
long-range 215, 453
residual 443ff
short-range 215
splitting caused by 620
vibrationally averaged 515

DD coupling constant 212, 362, 444, 558
DD coupling constant, sign of 212
DD relaxation 544, 556ff
DD-CSA cross correlation 586

linewidth effects 592
DD-DD cross correlation 585
decay, homogeneous 35
decoupling, heteronuclear 59ff, 91
degeneracy 7, 131
degeneracy, of coherences 473, 503
demagnetizing field, nuclear 115
density matrix see density operator
density operator 259ff
density operator, and density matrix 261

definition of 261
for AMX ensemble 470ff
for AX ensemble 370ff
for quadrupolar nuclei 321ff, 336, 347
in rotating frame 268
microscopic ambiguity of 292
thermal equilibrium 268, 326, 389, 481,

543, 551
DEPT 504
deshielding convention, for chemical shifts 224
deuteration 593
deuterium see 2H
diagonal, double-quantum 434
diagonal matrix 129
diagonal peak, definition of 414

in 2D exchange 530, 537
in COSY 414, 493, 496
in NOESY 573
in ROESY 582
in TOCSY 502

diagonalization, of matrix 134ff
diamagnetism 24, 36
diastereotopic protons 457, 458, 467
diffusion 77, 187ff, 512, 539ff
diffusion, and gradient echoes 307

coefficient of 540
estimation by spin echo 303

diffusion tensor 540
diffusion tensor imaging see DTI

digital-to-analogue converter see DAC
digitization 75
digitizer phase 76
dihydrogen 226
dipolar echo 363, 367
dipole-dipole coupling 56
Dirac notation 122
Dirac, Paul 7, 26, 122
direct dipole-dipole coupling see DD coupling
direct product of matrices 382
director 18, 187, 445, 446
dispersion Lorentzian see Lorentzian, dispersion
DNP 81
DOR 342, 348, 351, 529
double rotation see DOR
double-quantum coherence 587
double-quantum coherence, and phase shifts 449

evolution of 403, 433
for quadrupolar nuclei 323, 337
in AX system 371, 386
in INADEQUATE 427ff
physical interpretation 389

double-quantum diagonal 434
double-quantum-filtered COSY 418, 451, 497
double-quantum-filtered COSY, coherence transfer

pathway diagram 644
phase cycle 451, 645
pulse sequence 451

doublet (J-multiplet) 56, 476
DTI 540, Plate 4
duplexer 69
dwell time 75
dynamic frequency shift 194, 225, 351
dynamic nuclear polarization see DNP
dynamic-angle spinning 342

echo, spin see spin echo
effective rotation axis, for off-resonance pulse 254
eigenbasis, Zeeman 153
eigenequation 131ff
eigenfunction 131ff
eigenfunctions, of commuting operators 132

of hermitian operator 132
eigenvalue 131ff
eigenvalues, of hermitian operator 132
eigenvector 134
Einstein, Albert 20, 233
Einstein-de Haas effect 20
electric charge, nuclear 5, 172
electric dipole moment, vanishes for nucleus 174
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electric field 23
electric field gradient 175
electric field gradient tensor, biaxiality of 208

principal axes 207, 614
principal values 207, 225, 614

electric multipole moments, nuclear 173, 615
electric potential 173
electric quadrupole coupling

see quadrupole interaction
electric quadrupole moment, nuclear 173, 175

table of values 207
vanishes for spin-1/2 174

electromagnetic interaction, high-order 615
electron, charge of 9

mass of 11
spin of 9, 11, 16

electron magnetic resonance see EPR
electron paramagnetic resonance see EPR
electron spin resonance see EPR
electronic structure calculations 225
emission, stimulated 275
emission peak, discouraged nomenclature 116
EMR see EPR
energy, activation 523

conservation of 148
in natural units 146
magnetic 24, 176
rotational 7
thermal 267
transport in an NMR experiment 284

energy levels, as eigenvalues of
Hamiltonian 145

for particle in a box 145
for quadrupolar nuclei 321, 335, 347
for spin-1/2 233
of AMX system 468
of AX system 364
of magnetically-equivalent spin pair 360
of multiple spin-1/2 systems 469

ensemble, definition 259
of isolated spins-1/2 259ff
of multiple spin-1/2 systems 470
of quadrupolar nuclei 321
of spin pairs 355

entropy 283
EPR 37
equilibrium constant 525
equilibrium, thermal see thermal equilibrium
equivalence, chemical see chemical equivalence

magnetic see magnetic equivalence
ergodic hypothesis 186, 546

Ernst, Richard R. 411
ESR 37
ethanol 476, 486
ethanol, 1H spectrum of 58

13C spectrum of 52, 53, 54, 58, 60, 422
chemical exchange in 455
isotopomers of 52, 418ff
proton spin system 468

ethyl chloride, chemical equivalence in 456
J-couplings in 455
magnetic equivalence in 458

Euler angles 599ff
Euler rotation matrix 601
evolution, free see free evolution
evolution operator see propagator
exchange, chemical see chemical exchange
excitation of coherence 328
expectation value 145, 260
exponential operator 135ff
exponential operator, inverse of 137

matrix representation of 138
products of 137

extreme narrowing 566

19F, nuclear properties of 12
spin of 15

fast Fourier transform see FFT
56Fe, spin of 13
fermion 7, 9
ferromagnetism 8, 26, 37
FFT 102, 116
fid 36
field, electric 23

electromagnetic 23
gradient see pulsed field gradient
induced see magnetic field, induced
magnetic see magnetic field
magnetic flux density see magnetic field
magnetic induction see magnetic field
radiofrequency see r.f. field

field gradient coil 79ff
field-frequency lock see lock
fine structure 16
first-order quadrupolar Hamiltonian

see quadrupolar coupling, first order
first-order spectra 620
flip angle 89, 249, 270, 327, 339, 343, 391
flip-flop term 358, 364
floor function 644
flow 77, 187, 303, 315, 317, 512
fluorine see 19F
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flux density see magnetic field
fluxional compound 538
fMRI 315, Plate 1
folding 116
force particle 9
Fourier transformation see FT see FT
Fourier transformation, two-dimensional see 2D FT
frame, rotating see rotating frame
free evolution 376, 397ff, 472, 482
free induction decay 36
free precession, of single spin-1/2 240

of spin-1/2 ensemble (with relaxation) 281ff
of spin-1/2 ensemble (without relaxation)

276ff, 280
propagator see propagator

free radical 36
frequency, angular see angular frequency

chemical shift see chemical shift frequency
Larmor 29ff
nutation see nutation frequency
of rotating frame 242
offset see resonance offset
precession 29ff
quadrupolar see quadrupolar coupling

constant
reference 45
relative (for γ < 0) 47
relative (for γ > 0) 45
relative Larmor see resonance offset

frequency axis, labelling of 46, 47, 60
frequency labelling, of magnetization

components 534
frequency shift, dynamic 194, 351
FT 86ff, 593
FT, computer algorithm see FFT

definition of 96
discrete 116
explanation of 100
fast see FFT

fullerene 19, 192, 513
full-width-at-half-height see FWHH
function, basis 124

continuous 121
state 143
vector representation of 123

functional magnetic resonance imaging see fMRI
functional NMR imaging see fMRI
functions, orthogonal 122

orthonormal 122
FWHH 98

69Ga 334
71Ga 334
gallium see 69Ga and 71Ga
gas 545
gas, definition of 17

diffusion in 188
experimental spectra of 523
motional averaging in 190
noble, optical pumping in 81, 334
orientational average in 187
relaxation in 224
spin-rotation interaction in 224

Gauss 23
gel 342, 444
geology 19
glass 19, 20
glucose, anomers of 587

cross-correlated relaxation in 587
gluon 10, 20
God 233
gold see 197Au
Goudsmidt, Samuel 20
gradient driver 79
gradient echoes 306ff, 652ff
gramicidin 442
gypsum 367
gyromagnetic ratio, definition of 26

sign of 26
table of values 12

1H see also proton
1H, typical chemical shifts of 55
2H 319, 350, 351
2H, and molecular motion 319

as quadrupolar nucleus 175
composition of nucleus 13
experimental spectrum 334
J-coupling to 455
nuclear properties of 12
quadrupole moment 207
spin of 13, 13, 15
used for lock 82

3H, composition of nucleus 11, 11
nuclear properties of 12

H2O see water
Hahn echo 316, 334
Hahn, Erwin 302, 504
halogen 334
Hamiltonian 144
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Hamiltonian, eigenvalues of see energy levels
Hamiltonian, for particle in box 144

spin see spin Hamiltonian
Hartmann-Hahn transfer 504
3He, spin of 15
helium, liquid 66
hermitian operator 131
hermitian operator, complex exponential of 137

eigenvalues of 132
hertz (Hz), conversion to rads−1 29

definition of 29
heteronuclear AX system 438ff, 443ff
heteronuclear decoupling 59ff, 463, 463, 465
heteronuclear experiments 90
heteronuclear multiple-quantum coherence

see HMQC
heteronuclear spin system 462
H field 37
high-field approximation 390
high-temperature approximation 268, 389
HMQC 450
HMQC, pulse sequence 451
165Ho 349
HOHAHA see TOCSY, see TOCSY
holmium see 165Ho
homogeneous broadening

see broadening, homogeneous
homogeneous decay see decay, homogeneous
homonuclear AX system 369ff
homonuclear spin system see spin system, homonu-

clear
hydride, metal 226
hydrogen, isotopes of see proton, deuterium

and tritium
molecular see dihydrogen

hydrogen bond 218
hydrogen molecule 226
hyperfine coupling 16, 222, 525
hyperfine structure 16

127I 345
imaging, NMR see MRI
115In 350
INADEQUATE 418ff
INADEQUATE, 2D see 2D INADEQUATE

acronym 418
coherence transfer pathway 429ff
coherence transfer pathway diagram 630, 643,

646
experimental example 422

in cross-correlated relaxation experiment 587
low sensitivity of 436
phase cycle 424, 643, 648
product operator theory 424ff
pulse sequence 423
spectral appearance 429

indeterminacy, quantum 145, 232
indirect dipole-dipole coupling see J-coupling
indium see 115In
INEPT 436ff, 488ff, 570
INEPT, acronym 437

experimental example 440
in I2S systems 488ff
in I3S systems 490
meaning of word 449
product operator theory for 438ff
pulse sequence 437
refocussed see refocussed INEPT
spectral appearance 439

inhomogeneous broadening 48ff, 204, 345
initial rate regime 532
in-phase multiplet 385
insulator, electric 19
interaction, cross-correlated 585

electromagnetic 172
intermolecular 189
intramolecular 189
long-range intermolecular 189, 291
non-secular see spin Hamiltonian, non-secular
nuclear exchange 226
quadrupolar see quadrupolar coupling
short-range intermolecular 189
spin-rotation 183
Zeeman 179

interbond angle, and cross-correlated relaxation
590

and J-coupling 221
intermolecular interaction

see interaction, intermolecular
internal molecular motion

see molecular motion, internal
interval, mixing see mixing interval

sampling see sampling interval
waiting see waiting interval

intramolecular interaction
see interaction, intramolecular

intrinsic quadrupole moment 193
inverse of operator 130
inversion-recovery 295ff
iodine see 127I
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ion 16
191Ir 334
193Ir 334
iridium see 191Ir and 193Ir
iron 37
iron see 56Fe
isotope shift, primary 225

secondary 203
isotopes, 11ff

abundance of 11
radioactive 11
stable 11
table of properties 12

isotopic enrichment 17
isotopomers 16, 42ff, 418ff, 454
isotopomers, abundance calculation 43, 421

number of 423
separation of 17

isotropic average 187, 201
isotropic chemical shift see chemical shift, isotropic
isotropic J-coupling see J-coupling, isotropic
isotropic liquid 18
isotropic liquid, chemical shift in 201

DD coupling in 215
J-coupling in 219
motional averaging in 190
orientational average in 187
quadrupolar relaxation in 209
quadrupole coupling in 209
spectrum of magnetically-equivalent spin pairs

362
spin-1 spectrum 329
spin-3/2 spectrum 341
spin-5/2 spectrum 348
spin-rotation interaction in 223

J-anisotropy 221, 226
J-coupling 51, 183, 217ff, 523
J-coupling, and hydrogen bond 218

and interbond angle 221
and magnetic equivalence 621ff
and multiple-quantum evolution 403
and peak assignment 380
and quadrupolar nuclei 364
and secular approximation 613
and torsional angle 220
13C − 13C 221, 421, 423
13C − 1H 221, 406
evolution caused by 483
evolution induced by 400ff

exchange contribution 226
full form of interaction 218
1H − 1H 221, 406
heteronuclear secular form 219
homonuclear secular form 219
in anisotropic liquid 221
in isotropic liquid 219
in solid 221
isotropic 219
Karplus relationship 221
long-range 55
mechanism of 222ff
motionally suppressed 364, 454ff
multiplets caused by 56ff
15C − 1H 437
notation 55
sign of 220
tensor 218

Jeener, Jean 411

39K 334
40K 14
Karplus relationship 221
ket state 122
ket-bra 162
kilodalton (kDa) 17
kinetic energy operator 144
k-jargon 75
Knight shift 51, 525
83Kr 350
Kronecker delta 122
krypton see 83Kr

139La 349
laboratory frame 179, 603
lanthanum see 139La
Larmor frequency 29ff, 201, 453
Larmor timescale 513
laser 275
Lauterbur, Paul 49, 309
lead see 207Pb
leakage rate constant

see auto-relaxation rate constant
lepton 9
6Li 319
6Li, quadrupole moment 207

spin of 13
7Li 319, 334
7Li, quadrupole moment 207
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libration 509, 541
linear prediction 102
linear regime 257
linear spin system 464, 476, 497, 498
lineshape, motional see motional lineshape
linewidth 98
linewidth, cross-correlation effects 497ff, 590ff

definition 40
relationship to T2 40, 288

lipids 445, 450
liquid, anisotropic see anisotropic liquid

definition of 17
isotropic see isotropic liquid
weakly oriented 443ff

liquid crystal, see anisotropic liquid
lithium see 6Li and 7Li
lock, field-frequency 82, 350
longitudinal, meaning of 32
longitudinal cross-relaxation see cross-relaxation,

longitudinal
longitudinal magnetization see magnetization,

longitudinal
longitudinal magnetization, exchange of 529ff
longitudinal relaxation 30ff, 283, 543, 552, 564ff
long-lived spin states 540, 593
Lorentzian, absorption (1D) 40, 97

absorption (2D) 109
complex (1D) 97
complex (2D) 107
dispersion (1D) 97, 116

low-field/high-field notation, recommendation
against 56, 60

176Lu, spin of 15
lungs 513

magic angle 214, 527
magic-angle spinning see MAS
magnesium see 25Mg
magnet 65ff
magnet, bore of 66

physical construction 65
superconducting 65

magnetic constant 24
magnetic equivalence 366, 458ff, 619, 621ff
magnetic equivalence, and degeneracy 476

and J-coupling 459
and multiplet structure 59
consequences of 459
definition 458

magnetic field 23

magnetic field, external 177
gradient see pulsed field gradient
induced 195
radiofrequency 178
static 177

magnetic field gradient see pulsed field gradient
magnetic field homogeneity 65
magnetic flux density field 37
magnetic induction field 37
magnetic moment 23
magnetic resonance imaging see MRI
magnetic susceptibility see susceptibility, magnetic
magnetism, electronic 36ff

induced 24
intrinsic 25
macroscopic 23
microscopic 25
permanent 24

magnetization, longitudinal 32, 270
steady state 653
transverse 33ff, 270

magnetization exchange, longitudinal 529ff, 658
magnetization helix 307
magnetization vector 269ff
magnetization vector, relaxation of 285

trajectory of 285
magnetoencephalography Plate 3
magnetogyric ratio see gyromagnetic ratio
manganese see 55Mn and 57Mn
Mansfield, Peter 49, 309
Markow process 655
married couples 388, 389
MAS 178, 226, 527ff
MAS, experimental example 528

multiple-quantum see MQ-MAS
satellite transition see ST-MAS

mass, molecular 17
mass number 11
mass of nucleus 5
matched weighting 115
matrix, block diagonal 129, 612

diagonal 129
trace of 159
traceless 159

matrix element 127
matrix representation 127
matter, states of 17ff
maximum entropy 102
Maxwell equations 23, 36, 38
mechanical detection of NMR 82
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megahertz (MHz) 29
Meissner effect 541
meson 20
metabolites 315
metal 19, 526
metal, alkali 334
metal hydride 226
meteorite 37
methyl group, rotation of 19, 510
25Mg 345
microwave 81
mineral 513
mixer, r.f. 609
mixing interval, in 2D exchange 530

in NOESY 571
in ROESY 580
in TOCSY 499

mixing time see mixing interval
55Mn 345
55Mn, quadrupole moment 207
molecular motion 186, 509ff
molecular motion, in anisotropic liquid 18, 187

in gas 187
in isotropic liquid 18, 187
in polymers 306
in proteins 510, Plate 2
in solid 19, 187
internal 19, 186, 331, 331
translational 512

molecular rotation 18, 186, 511
molecular rotation, and DD relaxation 556ff

effect of temperature 511
effect of viscosity 511
rough estimate of timescale 511

molecular spin system see spin system
molecular structure determination, by

cross-correlated relaxation 590
by NOESY 576, Plates 2 and 5
by residual DD couplings 443
by ROESY 582

molecular translation 186, 187, 512
molecule, structure of 16ff
Mössbauer spectroscopy 20
motion 509ff
motional averaging 71, 185, 186ff, 515ff
motional broadening 518ff
motional lineshapes 516ff, 516ff
motional narrowing 520ff
motional processes 509ff
motional regime 517, 522, 539

MQ-MAS 342, 348
MRI, basic explanation 50ff

functional see fMRI
image generated by Plates 1, 3 and 4
more detailed explanation 309ff
pulse sequence for 312, 313

multiple-quantum coherence, heteronuclear
see HMQC

in AX system 371
multiple-quantum MAS see MQ-MAS
multiplet, antiphase 386

cross-peak see cross-peak multiplet
in-phase 385
spectral 53ff

multipole, electric see electric multipole

14N 319, 350
14N, difficulty of NMR 319

J-coupling to 455
nuclear properties of 12
quadrupole moment 207
spin of 14, 15

15N, nuclear properties of 12
sense of precession 29
sensitivity enhancement of 436ff
spin of 15
typical chemical shifts of 55
typical CSA of 594

23Na 334
23Na, nuclear properties of 12

quadrupole moment 207
spectrum of 342

natural abundance, table of values 12
natural units 146
93Nb, magnetic moment 350

quadrupole moment 207
spin of 350

21Ne 334
neon see 21Ne
nerves, tracing by DTI 540
nested phase cycle 644
neutron, mass of 11

spin of 10, 11
structure of 10

Newman projection 456
NH3

+, rotation of 510
NH4

+ see ammonium ion
niobium see 93Nb
nitrogen, isotopes of see 14N and 15N

liquid 66
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NMR, discovery of 1
Fourier transform 85ff
range of 1

NMR imaging see MRI
NMR imaging, functional see fMRI
NMR quantum computing 503
NMR signal 36ff
NMR signal, and quadrature detection 287, 608ff

complex 74
factors influencing strength of 436
general form of 93
reasons for its weakness 65
relationship to coherence 287, 293, 608ff

NMR spectrometer 65ff
NMR spectrum 96ff
NMR spectrum, first-order 620

second-order 620
NMR tube 71
NO (nitric oxide) 16
Nobel prize 1, 49, 309, 411, 576
noble gas 81, 194, 334
NOE 60, 91, 423, 424
NOE, enhancement factor 424, 427, 569, 594

for 13C 569
for 15N 569
theory of 566ff

NOESY 443, 570ff
NOESY, and chemical exchange 575

and molecular structure determination 576,
Plate 5

diagonal and cross peak amplitudes 572
distance dependence of cross peaks 576
experimental example 576, Plate 5
pulse sequence 570
sign of cross peaks 573, 594

noise, frequency dependence of 436
origins of 86
root-mean-square (rms) 87
stationary 87
suppression of 87
uncorrelated 87

non-linear regime 257
normalization 122, 143
northern lights 585
nuclear demagnetizing field 115
nuclear electric moment, high-order 193
nuclear exchange interaction 226
nuclear force, strong 10

weak 10
nuclear magnetic resonance see NMR

nuclear Overhauser effect see NOE
nuclear spin 12ff
nuclear spin, ground state 13

of all isotopesPlates A, B, C
table of values 12

nucleon 11
nucleus, properties of 5

quadrupolar see quadrupolar nucleus
structure of 11ff

null operator 126
exponential of 136

number of sampling points, jargon for 75
nutation, meaning of 251
nutation frequency 181, 248, 251, 256, 270, 327, 339,

343, 391, 578
nutation frequency, central-transition 344, 348,

349

16O, nuclear properties of 12
spin of 13

17O 345
17O, experimental example 349

nuclear properties of 12
quadrupole moment 207
spin of 15
typical chemical shifts of 55

observation in quantum mechanics 144ff, 232
ocean currents 244
off-resonance effects 253
offset, resonance see resonance offset
oil 513
operator 124ff

adjoint of 130
operator, angular momentum see angular

momentum operator
operator complex exponential of 137
operator, density see density operator

exponential 135ff
exponential of small 137
hermitian 131
inverse of 130
kinetic energy 144
magnetic moment 176
matrix representation of 127
null 126
polarization see projection operator
potential energy 144
power of 135
product see product operator
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operator, (Continued)
density see density operator
projection 165
rotation see rotation operator
shift see shift operator
statistical 292
trace of 159, 159
traceless 159
unitary 131
unity 126

operator transformations, bounds on 491
for isolated spins-1/2 279ff

optical detection 82
optical pumping 20, 81
orbital angular momentum see angular momentum,

orbital
orbitals, atomic see atomic orbitals
order of coherence see coherence order
orientation transfer 445
orienting media 444
orthogonal 122
orthonormal 122
oscillator, electromagnetic 72

mechanical 82
Overhauser, Albert 566
Overhauser effect, steady state 566ff
oversampling 82
overtone 193, 225, 350
oxygen see 16O and 17O
oxygen, molecular 16

31P, nuclear properties of 12
typical chemical shifts of 55

Pake, George 329
Pake pattern 329, 330, 341, 362, 367
parahydrogen 81, 226
paramagnetic shift 51, 527
paramagnetism 32, 24, 37
parity conservation 193
parts per million see ppm
passive rotations 602
passive spin 470, 493
pathway phase, for coherence transfer 632
Pauli principle 9, 16, 20, 36, 222
Pauli, Wolfgang 20
207Pb, nuclear properties of 12

typical chemical shift range of 202
peak amplitude, general formula 618, 620
peakwidth see linewidth
Penrose, Roger 350

perturbation theory, time-independent 613
phase, digitizer 76, see digitizer phase

jargon for 69
of coherence transfer pathway 633, 651
of quantum state 147
of signal component 94
post-digitization 76
radiofrequency 68
receiver 76

phase correction, frequency-dependent 103
phase cycle, cogwheel 648

counter for 90
for 2D exchange 530
for 2D INADEQUATE 433
for double-quantum-filtered COSY, 645
for INADEQUATE 424, 643, 648
for ROESY 581
for spin echo 90
general construction procedure 637
nested 644

phase cycling 629ff
phase cycling, and States procedure 640

and thermal equilibrium terms 571
introduction 89

phase factor 236
phase of matter 17ff
phase shift, radio-frequency 67

sign of 82, 450
signal 76, 82
spectral 102

phase transition, and chemical shift 204
and quadrupolar coupling 210

phase twist 107
phosphorus see 31P
photon 10

spin of 11
Planck constant 6, 144
plastic crystal 192, 204, 217
plot, contour 107

surface 107
polarization operator 162, 166
polarization transfer 437
polarized light, rotation of 82
poly(methylmethacrylate) 334
polymers 306
population, definition of 261

for spin-1 322
for spin-3/2 336
fractional 292
in rotating frame 269
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population, (Continued)
in thermal equilibrium 267
of multiple spin-1/2 systems 471
of spin-1/2 ensemble 261
physical interpretation 264

population inversion 273
population vector 660
post-digitization phase 76
potassium see 39K and 40K
potential energy operator 144
powder 204
powder, spectrum of magnetically-equivalent spin

pairs 362
spin-1 spectrum 329
spin-3/2 spectrum 341
spin-5/2 spectrum 348

powder pattern 204
powder pattern, experimental example 206

for spin-1 329, 330
ppm, meaning of 54, 60
preamplifier, signal 73
precession, qualitative picture 26ff

quantum derivation 240
sense of 29, 38, 41

precession frequency 29ff
precession in rotating frame 245

sense of 246
pre-exponential factor, in Arrhenius equation 523
principal axes 197, 614
principal values 198, 614
probability density 187
probe 70ff
probe, tuning the 72
product, direct see direct product
product operator 381ff, 477
product operator, and cyclic commutation 401

and populations/coherences 383
and spectral appearance 479
and spin correlations 389
chemical shift evolution 399ff, 482
commutation 403
construction of 382, 477
free evolution of 397ff
J-coupling evolution 400ff, 483
physical interpretation 386ff, 480
relaxation of 405
rotation of 391ff, 481

product state, Zeeman 356, 370
projection operator, ket-bra notation 162

meaning of 165
spin-1/2 162

propagator, chemical shift 398
for off-resonance pulse 255
for on-resonance pulse 252
free evolution 377
J-coupling 398
pulse 249
spin echo sandwich 406

protein, COSY spectrum of 420
degeneracy of coherences 473
molecular motion in 510, Plate 2
NOESY spectrum of 576
residual dipolar couplings in 448
rotational diffusion of 17
spectrum of 448
structure of 2, Plates 2 and 5
typical 1D spectrum 95

proton see also 1H
proton, charge of 10, 11

mass of 11
nuclear properties of 12, 12
spin of 10, 11
structure of 10

protons, diastereotopic 457, 458, 467
pulse, bandwidth of 256, 257

composite 294
duration of 89
flip angle 89
frequency-selective 257, 308
generation of 68
icon 39
notation for 89
of general phase 252
on AX ensemble 391ff
on quadrupolar nuclei 326ff, 339ff, 343ff, 348,

349
on single spin-1/2 247ff
on spin-1/2 ensemble 270, 279
phase of 68
propagator of 249
qualitative picture 34
rectangular 68, 257
shaped 257, 308
strong 256
weak 256, 257

pulse flip angle see flip angle
pulse gate 68
pulse programmer 67
pulse sequence, 2D 92

2D exchange 529
2D INADEQUATE 432
2QF-COSY 451



•708 Index

pulse sequence (Continued)
3D 92
arrayed 91
COSY 91
DEPT 505
for COSY 411
for MRI 312, 315
for refocussed INEPT 488
gradient echo 306
heteronuclear 90
HMQC 451
INADEQUATE 423
INEPT 437
inversion-recovery 295
NOESY 570
pulsed field gradient 91
quadrupolar echo 331
refocussed INEPT 441
ROESY 580
slice selection 308
spin echo 89, 299
spin-locking 305
stimulated echo 91
TOCSY 499
two-dimensional 92

pulse width 68
pulsed field gradient, and coherence transfer

pathway selection 649ff
hardware 77ff
in diffusion experiments 540
in MRI 309ff

Purcell, Edward 1, 316
pure absorption 2D spectroscopy 109

quadrature detection 74, 287ff, 608ff
quadrature detection, in the second dimension

114
quadrature image 292
quadrature receiver see receiver, quadrature
quadrupolar coupling 182, 206ff, 319, 614ff
quadrupolar coupling, biaxiality of tensor

319, 331
first-order see quadrupolar interaction, first

order
for spin-1 321
for spin-3/2 335
for spin-5/2 346
in anisotropic liquid 209
in isotropic liquid 209
in solid 210

second-order see quadrupolar interaction,
second order

quadrupolar coupling constant 210, 225, 321, 346
quadrupolar echo 331ff, 351
quadrupolar interaction, first-order 321, 335, 346,

361, 615
full form 208, 614
second-order 208, 225, 348, 615
third-order 208

quadrupolar nuclei 175, 319ff
quadrupolar nuclei, half-integer spin 15, Plate C

integer spin 15, Plate B
J-couplings involving 364, 455
relaxation 455

quadrupolar relaxation 364, 545
quadrupolar shift, second-order 351
quadrupole moment, nuclear 193, 614
quantum chemistry 225
quantum computing, by NMR 503
quantum electrodynamics 26
quantum indeterminacy 145, 232
quantum mechanics, relativistic 7

spinless 143ff
statistical 267

quantum number, azimuthal 7, 153, 158
nuclear spin 11
projection 153

quark 10, 20
quartet (J-multiplet) 56, 477
quintet (J-multiplet) 56

r.f. field 179
r.f. field, inhomogeneity of 294

longitudinal component 180, 193
non-resonant component 180, 193, 257
resonant component 180
rotating 180, 194

r.f. phase 68
r.f. pulse see pulse
r.f. synthesizer see synthesizer
radiation damping 115, 292
radical, free 36
radical pairs, photoinduced 81
radio receiver 74
radio-frequency see r.f.
rad s−1, conversion to Hz 29
random field, spin-dependent 552

spin-independent 547
stationary 547

random field relaxation see relaxation, random field
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rate constant, auto-relaxation see
auto-relaxation rate constant

coherence decay see
coherence decay rate constant

cross-relaxation see
cross-relaxation rate constant

for chemical exchange 516
leakage see auto-relaxation rate constant

87Rb 334
87Rb, quadrupole moment 207
185Re 345
187Re 345
receiver, quadrature 73
receiver artefact see quadrature image
receiver phase see phase, receiver
receiver phase, hardware limitations 640
receiver section 72
reference frame, laboratory see laboratory frame

orientation of 601
rotating see rotating frame
transformations of 599ff

reference frequency 45
reference frequency, chemical shift of 54
refocused INEPT 440
refocused INEPT, experimental example 440, 442

pulse sequence 441
refocusing 302ff
relative frequency see frequency, relative
relative Larmor frequency 245
relative Larmor frequency, definition of 46

generation in receiver 73
relaxation 185, 543ff
relaxation, and spin Hamiltonian hypothesis 193

by CSA 544
by DD coupling 544, 556ff
by quadrupole coupling see

quadrupolar relaxation
by spin-rotation interaction see

spin-rotation relaxation
cross-correlated see cross-correlated relaxation
longitudinal see longitudinal relaxation
mechanisms of 543
of heteronuclear systems 449
of many-spin systems 485
quadrupolar see quadrupolar relaxation
random field 545ff
spin-lattice see longitudinal relaxation
spin-rotation 545
spin-spin see transverse relaxation
transverse see transverse relaxation

relaxation agent, paramagnetic 422
relaxation time constant, for coherence decay 35

longitudinal see T1

spin-lattice see T1

spin-spin see T2

transverse see T2

relaxation timescale 514
residual DD coupling 443ff
residual DD coupling, experimental example 448
resonance offset 46, 245
rest mass 11
rhenium see 185Re and 187Re
rhombicity see biaxiality
ring-current shift 203
ROESY 443, 577ff
ROESY, and chemical exchange 582

and molecular structure determination 582
and TOCSY 583
diagonal and cross peak amplitudes 582
pulse sequence 580
sign of cross peaks 582

rotating frame 241, 375ff
rotating frame, experiment in 594

phase convention 244
phase of 244
precession in 245
spin Hamiltonian in 244
spin state in 243

rotation, hindered 510
mechanical 70, see also MAS, DOR
molecular see molecular rotation
of the earth 244
passive 602

rotation axis, effective 254
rotation operator, definition 150

spin see spin rotation operator
rotation sandwich 151, 605ff
rotational constant, molecular 7
rotational correlation time 556, 593
rotational energy 7
rubidium see 87Rb

32S, spin of 14
sampling bandwidth 75
sampling interval 75
sampling points, jargon for 75
sandwich formula see cyclic commutation
satellite order 323, 332, 334, 336, 347, 350, 351
satellite peak 367, 422
satellite transition 340, 351
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satellite-transition MAS see ST-MAS
saturation 567, 594, 653
121Sb 345
45Sc, quadrupole moment 207
45Sc 349
scalar coupling see J-coupling, isotropic
scandium see 45Sc
Schrödinger equation in rotating frame 243
Schrödinger equation, time-dependent 144, 238

time-independent 146
second-order quadrupolar coupling see quadrupolar

interaction, second order
second-order spectra 620
secular approximation 185, 462, 611ff
semiconductor 334, 526
semi-metal 334
sense of precession 30, 38
sensitivity, field dependence of 436

isotope dependence of 436
methods for enhancing 81
of INADEQUATE 436

SES see spin echo sandwich
shielding, chemical see chemical shift
shielding convention 224
shift, chemical see chemical shift

Knight see Knight shift
paramagnetic see paramagnetic shift
ring current see ring current shift

shift operator, definition 154
ket-bra notation 162
matrix representation 154
spin-1/2 161

shift reagent, paramagnetic 527
shim, meaning of word 82

room-temperature 66
superconducting 66

shoe 167
28Si, natural abundance of 43
29Si, natural abundance of 43

nuclear properties of 12
sense of precession 29

30Si, natural abundance of 43
signal amplitude, and (-1)-quantum coherence 288
signal averaging 86
signal pathway see coherence transfer pathway
signal surface, two-dimensional 105
signal-to-noise ratio 88
silicon see 28Si, 29Si and 30Si
silver see 107Ag and 109Ag
simple coherence 471, 503

singlet (non-split peak) 56
singlet state 366, 9, 359
singlet-triplet basis 359
sinh function 531
slice selection 307ff
soap film 18
sodium see 23Na
solid, amorphous 19

chemical shift in 204
DD coupling 216
definition of 19
diffusion in 188
J-coupling 221
mechanical rotation of 513
molecular 19
motional averaging in 191
non-molecular 19
quadrupole coupling in 210
spin-rotation interaction in 224

solid echo 367
Solomon equations 660ff
Solomon equations, and cross-correlation 662

generalized 662
longitudinal 561ff
transverse 578

spectral density 548ff
spectral density, at the Larmor frequency 558

at twice the Larmor frequency 558, 560ff
at zero frequency 559
normalized 549

spectral timescale 514
spectral width see bandwidth, sampling
spectrometer, NMR 65ff
spectrometer channels 44
spectroscopy, three-dimensional see 3D

spectroscopy
two-dimensional see 2D spectroscopy

spectrum, definition of 97
of AX system 365
phase-corrected 104
simple example 40
two-dimensional 106, see 2D spectroscopy

spherical harmonic 154, 593
spherical tensor operator, irreducible 615
spin 157ff
spin, active see active spin

concept of 5ff
nuclear 11, Plates A, B, C
passive see passive spin

spin angular momentum operator 157
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spin angular momentum operator,
cyclic commutation of 157

eigenequation of 158
matrix representation of 160

spin correlation, and product operators 387, 480
creation and destruction 389, 401, 407

spin coupling topology 464
spin density distribution 50, 311
spin density matrix see density matrix
spin density operator see density operator
spin echo 298ff
spin echo, Carr-Purcell type 316

coherence interpretation 303
coherence transfer 652
coherence transfer pathway 305
dipolar 363, 367
Hahn type 316, 334, 345
induced by gradient reversal 306
of central transition 345
phase cycle 90
pulse sequence 89, 299
quadrupolar 331ff, 351
solid 367
stimulated 91, 539
Zeeman 351

spin echo sandwich 405ff, 485, 623ff
spin echo sandwich, heteronuclear 437, 627

in INADEQUATE 424
in INEPT 437
in refocussed INEPT 441
long duration limit 625
short duration limit 625

spin ensemble 454, see ensemble
spin Hamiltonian 171ff
spin Hamiltonian, diagonal part 358

during pulse 248
electric 173
flip-flop term 358
for gradient field 181
hypothesis 171, 193
in rotating frame 244, 247
internal 182ff
magnetic 173
motional averaging of 516
of AB system 615
of AX system 369
off-diagonal part 358
secular 185
transverse part 181
with heteronuclear decoupling 463, 465

spin interaction, external 177
internal 177

spin locking 305ff, 316, 578, 581
spin pair, Hamiltonian of 357, 615

heteronuclear 355, 366
homonuclear 355, 615
magnetically equivalent 359ff, 619
rotations of 392
strongly-coupled 356, 615ff
superposition state of 356
weakly-coupled 356, 363ff, 619ff

spin polarization, arrow symbol 231, 238
axis of 26

spin precession see preceession
spin quantum number 11
spin rotation operator 158, 606ff
spin rotation operator, sandwich formula 158
spin state, in rotating frame 243

long-lived 366, 540, 593
spin state, arrow symbol 231, 238
spin system, heteronuclear 453, 462

homonuclear 453
linear 464, 476, 497, 498
molecular 453

spin-1 319ff
spin-1, angular momentum operator 163

coherence 322
density matrix of 321
eigenstates of 319
energy levels 320
method of depicting state 350
population 322
rotation operator 163
superposition state of 320

spin-1/2 15, 231ff, Plate A
spin-1/2, angular momentum operator 160

ensemble 259ff
general state of 234
pairs of 355ff
polarization operator 162
projection operator 162
rotation operator 160, 606ff
shift operator 161
superposition state of 234
unity operator 161
Zeeman eigenstate of 160

spin-3/2 334ff
spin-3/2, angular momentum operator 163

arrow notation for state 350
coherence 336
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spin-3/2, (Continued)
density matrix of 336
eigenstates of 335
energy levels 335
population 336
spectrum of 340

spin-5/2 345ff
spin-5/2, angular momentum operator 165

density matrix of 347
eigenstates of 346
energy levels 346
spectrum of 348

spin-7/2, energy levels 349
spectrum of 349

spin-7/2 349ff
spin-9/2 350
spin-down 232
spin-lattice relaxation 543, 552ff
spin-lattice relaxation, in rotating frame 306, 316
spin-lattice relaxation time constant see T1

spinning sideband 528
spinor 165
spin-rotation interaction 183, 223, 226, 545
spin-rotation relaxation 545
spin-spin coupling 51
spin-spin relaxation see transverse relaxation
spin-spin relaxation time constant see T2

spin-up 232
SQUID 38, 82
standard model 193
state function, quantum 143
state of matter 17ff
States procedure 109ff, 450
States procedure, comparison with TPPI 116

for 2D exchange 530, 536
for 2D INADEQUATE 432
for COSY 411, 491, 495, 496
for NOESY 572
for ROESY 581
for TOCSY 502
sign convention 116, 503

stationary random field 547
stationary state 145, 147ff, 240
statistical operator 292
statistical quantum mechanics 267
steady state NOE see NOE
steady-state magnetization 653
Stern-Gerlach experiment 257
stimulated absorption 275
stimulated echo 91, 539

stimulated emission 275
ST-MAS 343, 348
strong coupling 449, 462, 613, 615ff
strong nuclear force 10
strong pulse limit, for quadrupolar nuclei 327, 339,

347
sucrose 435
sulfur see 32S
sum theorem for phase cycling 633
sunspots 585
superconducting quantum interference device see

SQUID
superconductor 19, 66
superconductor, high-Tc 82

Knight shift in 527
Meissner effect in 541
NMR in 541

superposition state 147ff
superposition state, dynamics of 240

for spin-1 321
of AMX system 469
of AX system 370
of spin-1/2 234

superstring 10
surface plot 107
susceptibility, magnetic 24, 32, 315, 445, 449

tensor of 37
swing, child’s 72, 247, 256
synthesizer, radio-frequency 67

T1 33, 283, 543, 564
T1, and transition probability 553

field-dependence 556
in heteronuclear systems 449
in spin-pair systems 564
measurement of 295
mechanism of see longitudinal relaxation
minimum of 554, 565
of electrons 526
of quadrupolar nuclei 455
relationship with T2 284, 292
temperature-dependence 555, 556

T1ρ 305, 316
T2 35, 281, 543, 565
T2, adiabatic contribution to 292

in homonuclear AX system 565
measurement of 298
mechanism of 282
non-adiabatic contribution to 292
relationship with T1 284, 292
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T∗
2 316

tanh function 532
tensor, antisymmetric part 224

chemical shift 603, see CSA
diffusion 540
electric field gradient 207, 614
J-coupling 218
susceptibility 37
symmetric see tensor, uniaxial
transformations of 603
uniaxial 225

tesla 23
thermal energy 267
thermal equilibrium 31, 32, 266ff, 292, 326, 389, 481,

543, 551
thermodynamics, first law of 148
three-dimensional see 3D
through-space dipole-dipole coupling see

DD coupling
time-dependent Schrödinger equation

see Schrödinger equation
time-proportional phase incrementation see TPPI
timescale, Larmor 513

of chemical exchange 511
of diffusion 513
of flow 513
of vibration 509
relaxation 514
spectral 514

TMS, isotopomers of 44
TOCSY 497ff, 627
TOCSY, and ROESY 583

pulse sequence 499
simulation of 502
theory of 499ff

top (child’s toy) 28
torsional angle 221
TPPI 116
trace, of a matrix 159

of an operator 159
properties of 159

traceless matrix 159
transformation, Fourier see FT
transient 88
transient counter 90
transient NOE experiment 594
transition probability 550ff
transition probability, and cross correlation 586

arrow notation 550
distance dependence 559

double-quantum 558
for DD relaxation 557ff
for pulse 255
for random field relaxation 552
heteronuclear 566, 567
homonuclear 558
of relaxation process 292
per unit time 517, 550
single-quantum 558
thermally corrected 551
zero-quantum 559

translation, molecular see molecular translation
transmitter section 66ff
transverse, definition of 34
transverse cross-relaxation 577
transverse magnetization 33ff, 270
transverse magnetization, steady state 654
transverse relaxation 33ff, 281, 543
transverse relaxation, adiabatic contribution 292

non-adiabatic contribution 292
transverse Solomon equations 578
triple-quantum coherence, for spin-3/2 337

in multiple spin-1/2 systems 471
triplet (J-multiplet) 56, 476, 476
triplet state 9, 359
tritium see 3H
TROSY 566, 590ff
TROSY, experimental example 593

meaning of acronym 593
truncation of signal 116
Tukey, John 116
tuning 72
two-dimensional see 2D
two-site exchange, asymmetric 524

symmetric 516ff, 529
two-spin order 384

Uhlenbeck, George 20
unit cell 225
unitary operator 131
units, natural 146
unity operator 126, 136

51V, quadrupole moment 207
51V 349
vacuum permeability 24
vanadium see 51V
vector, column 124

row 124
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vector representation 123
vibration, molecular 509, 515, 541
virus 444

Wüthrich, Kurt 576
waiting interval 295
water, chemical equivalence in 456

DD coupling in 367
diffusion in 17
isotopomers of 16
magnetic equivalence in 458, 460
molecular structure of 16
17O spectrum of 348
spin system of 259, 291
susceptibility of 24

wavefunction 143
wavelength, electromagnetic 23
weak coupling 363ff, 461ff, 613, 619ff
weak coupling, breakdown of 465, 500

condition in isotropic liquids 364, 461
general condition 363

weak nuclear force 10
weak pulse limit, for quadrupolar nuclei 343, 348,

349

Wigner-Eckart theorem 37, 193
wind, and Coriolis force 244

129Xe, chemical shift 194
129Xe, nuclear properties of 12
129Xe, optical pumping of 20, 81
129Xe, spin of 15
131Xe 334
xenon see 129Xe and 131Xe

Zeeman echo 351
Zeeman effect 7
Zeeman eigenbasis 153
Zeeman eigenstate 160, 231
Zeeman order vector 660
Zeeman product state 356, 370
Zeeman splitting 7, 14ff, 233
zero-quantum coherence 471
zero-quantum coherence, evolution of 403

in AX system 371, 386
physical interpretation 389

zero-spin nuclei 14



Plate 1 A functional NMR image. The grey image is a cross-section through the head of a person (the person may
be thought of as lying down on their back, feet towards you). The grey-scale image shows the lobes of the brain.
The yellow and red patches show activation of the prefrontal cortex after a face is removed from view, detected
as small differences in the NMR signals. The blue patches denote diminished activation of these regions of the
brain, under the same task. (From S. M. Courtney, L. G. Underleider, K. Keil and J. V. Haxby, Nature 386, 608–611
(1997). Copyright, Macmillan Publishers Ltd.)



Plate 2 Backbone structure of a protein molecule in solution (residues 55–206 of the HIV-1 Nef protein), as
determined by NMR. The structure is colour encoded to display the mobilities of different parts of the molecule,
as revealed by 1H–15N NOE values (see Chapter 20). Blue: least mobile; red: most mobile. The N-terminal tail that
anchors the protein to the membrane is disordered and not shown. (For details, see S. Grzesiek, A. Bax, J. Hu,
J. Kaufman, I. Palmer, S. J. Stahl, N. Tjandra, and P. T. Wingfield, Protein Science, 6, 1248–1263 (1997)). Thanks to
Ad Bax for supplying this figure.



Plate 3 Three-dimensional NMR image of a human head, with layers of tissue computationally peeled off so that
the brain is partially visible. The yellow spot shows the approximate location of neuronal activity in response
to a sound. This spot was not obtained by functional NMR imaging, but by magnetoencephalography (analysis
of the weak magnetic fields generated by electrical currents in the brain). The illustration was prepared by
Mr Eero Salli. Thanks to Professor Hannu Aronen, Department of Radiology, and Dr Risto Ilmoniemi, BioMag
Laboratory, Helsinki University Central Hospital, Finland, for permission to use this image.



Plate 4 A three-dimensional rendering of the neural pathways connecting the two hemispheres of the human
brain. These pathways were delineated using diffusion tensor MRI. The different colours indicate tracks con-
necting distinct brain regions. This figure was supplied by Roland Henry and SungWon Chung, Department of
Radiology, University of California, San Francisco, USA.



Plate 5 Experimental solution-state structure of a protein, solved by using NOESY distance constraints. The
molecule is a 15 kDa protein called cellular retinol binding protein II. The structure was solved using a combination
of double-quantum-filtered COSY, NOESY and TOCSY experiments, including three-dimensional combinations
of these techniques. The final structure was derived employing 3980 NOESY distance constraints and displays a
10-stranded β-barrel motif. (a) The protein backbone, depicted as a sausage, enclosing the retinol ligand (space-
filling model). (b) The retinol binding site and the retinol ligand (red). The NOESY distance constraints involving
the protein protons (yellow) and the ligand protons are shown by lines. For full details, see J. Lu, C.-L. Lin,
C. Tang, J. W. Ponder, J. L. F. Kao, D. P. Cistola; and E. Li, J. Mol. Biol., 286, 1179–1195 (1999) and the same authors
in J. Mol. Biol., 300, 619–632 (2000). Thanks to J. Lu for preparing this figure.












